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Abstract. A rational pseudo-rotation / of the torus is a homeomorphism 
homotopic to the identity with a rotation set consisting of a single vector v 
of rational coordinates. We give a classification for rational pseudo-rotations 
with an invariant measure of full support, in terms of the deviations from the 
constant rotation x i—^ x + v in the universal covering. For the simpler case that 
V = (0,0), it states that either every orbit by the lifted dynamics is bounded, 
or the displacement of orbits in the universal covering is uniformly bounded 
in some rational direction (implying that the dynamics is annular) or the set 
of fixed points of / contains a large continuum which is the complement of 
a disjoint union of disks (i.e. a fully essential continuum). In the analytic 
setting, the latter case is ruled out. In order to prove this classification, we 
introduce tools that are of independent interest and can be applied in a more 
general setting: in particular, a geometric result about the quasi-convexity and 
existence of asymptotic directions for certain chains of disks, and a Poincare 
recurrence theorem on the universal covering for irrotational measures. 
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1. Introduction 

If / : K/Z = ^ T"'^ is a homeomorphism preserving orientation and / : M — ^ R 
is a lift of /, there is a corresponding rotation number p(/) = lim„_>.oo(/"(a;) — .t)/^, 



which was defined by Poincare and shown to be is independent of a; G M. The 
rotation number is a useful invariant for the dynamics: if p{f) is irrational, then / 
is monotonically semi-conjugate to a rigid irrational rotation, and if p{f) is rational, 
then / has a periodic point and there is a simple model for the dynamics. 

One may try to generalize the notion of rotation number to dimension two, 
considering a homeomorphism /: T'^ ^ homotopic to the identity and a lift 
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/: — > M'^. However, in this setting the limit (/"(a;) — x)/n often fails to exist, 
and when it does it depends on the chosen point a; G M^. This is why one usually 
defines a rotation set p{ f) C instead of a rotation number or vector. The rotation 
set was defined by Misiurewicz and Ziemian [MZ89, as the set of all vectors u e 
of the form ^ 

r>'{zk)-zk 2 

V = iim , Zfe G M , Uk oo 

fc— f oo Tlk 

In the special case that the rotation set p{f) contains a unique vector v, the map 
/ is called a pseudo-rotation. In this case, it is easy to see that (/"(z) — z)/n ^ v 
for any 2 S M^, so one may expect such maps to have more similarities with one- 
dimensional case. 

A pseudo-rotation is called irrational if the corresponding rigid rotation x M- x+v 
induces a minimal map on (which is the same as saying that the coordinates of 
V, together with 1, are rationally independent), and the pseudo-rotation is rational 
if both coordinates of v are rational (which means that the corresponding rotation 
X 1-^ X + V is periodic). 

Irrational pseudo-rotations have been studied in many works |Jag09b[ |Jag09a[ 
IKwa03[ IBCLR07] . and it is known that they are not necessarily semi-conjugate 
to rigid rotations. Moreover, they may exhibit dynamical properties that differ 
greatly from rigid rotations, like weak-mixing [FS05. ,KK09j or positive entropy 
|Ree81[lBCLR7)7] . 

A key property that holds for circle homeorphisms is the property of uniformly 
bounded deviations, which means that orbits of / remain a bounded distance away 
from orbits of the rigid rotation. In other words, the quantity |/"(a;) — a; — na\ 
is bounded by a constant independent of x and n. This property often fails to 
hold, even pointwise, for real analytic area-preserving irrational pseudo-rotations 
[KK09| ■ However, Jager proved in |Jag09b that if one assumes that such maps 
satisfy the bounded deviations property, then a Poincare-like theorem holds: / is 
semi-conjugate to the rigid rotation. 

We will consider the case of area-preserving rational pseudo-rotations. In con- 
trast with the irrational case, one cannot expect to obtain any local or semi-local 
information from the assumption that the rotation vector is a unique rational point. 
Indeed, any dynamics that can appear in the closed unit disk can be embedded in 
the torus, extending it to be the identity outside a neighborhood of the disk, thus 
obtaining a rational pseudo-rotation. However, one may try to obtain some infor- 
mation about the deviations of the orbits with respect to the rigid rotation. 

For any rational pseudo-rotation / there is always a power /" which has a lift to 
with rotation vector (0,0). Thus, after taking an appropriate power we are left 
with the problem of understanding a homeomorphism / which has a lift / such that 
p(f) = {(0,0)}. Such an / is called an irrotational homeomorphism, and / is its 
irrotational lift. The problem of studying the deviations with respect to the rigid 
rotation is then reduced to studying the boundedness of the displacement /"(x) — x. 

In |KT12a| the authors constructed an example of a C°° area-preserving irrota- 
tional and ergodic homeomorphism such that almost every point in the universal 
covering has an unbounded orbit in all directions. Further, almost every orbit visits 
every fundamental domain in . The example has the particularity that all the 
nontrivial dynamics is restricted to an open topological disk [/ C T^, while the 
complement of U (which is a large continuum) consists of fixed points. 
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The main result of this article implies that this is the only way for an irrotational 
area-preserving homeomorphism to have orbits which are unbounded in more than 
one direction in the universal covering; that is, the set of fixed points has to contain a 
fully essential continuum (i.e. the complement of a disjoint union of open topological 
disks in T'^). Moreover, the latter must always be the case unless there is uniformly 
bounded displacement in some rational direction of : 

Theorem A. Let / : — >■ &e an irrotational homeomorphism preserving a 
Borel probability measure /i oj full support, and let f be its irrotational lift. Then 
one of the following holds: 

(i) Fix(/) is fully essential; 

(ii) Every point o/M^ has a bounded f -orbit; 

(iii) / has uniformly bounded displacement in a rational direction; i.e. there is 
a nonzero w G and M > such that 

\{r{z)-z-v)\<M 

for all z G and n G Z. 

Whenever / has a lift / such that case (iii) above holds, / is said to be annular. 
This is because the dynamics of / is essentially that of a homeomorphism of the 
annulus, after passing to a finite covering (see |KT12b) ). Of course, one obtains a 
statement for arbitrary rational pseudo-rotations, after replacing / with /": 

Theorem B. Let /: ^ 6e a rational pseudo-rotation preserving a Borel 
probability measure /i of full support, and f a lift of f. Then one of the following 
holds: 

(i) Fix(/'^) is fully essential for some k G N; 

(ii) Every orbit of f has bounded deviation from the rigid rotation x i-^ x + a, 
where a is the rotation vector of f . That is, 

sup ||/"(z) — z — na\\ < oo for all z G M^. 

nez 

(iii) / has uniformly bounded deviations from the rigid rotation in some rational 
direction; i.e. there is a nonzero w G and M > such that 

\{r{z)- z-na;v)\ <M 

for all z G and n G Z. Equivalently, f^ is annular for some A: G N. 

Let us point out that the only cases where neither (ii) nor (iii) hold in Theorem 
[a] (and Theorem [b] accordingly) are rather pathological. To illustrate this, we have 
the following 

Proposition C. Under the hypotheses of Theorem^^ suppose that only case (i) 
holds. Then the essential connected component of Fix(/) is not locally connected. 

1.1. The analytic case. If / is real analytic, then its set of fixed points is an 
analytic set, hence it is locally connected. In particular, the case from the previous 
proposition is excluded: 

Theorem D. Let /: — > be an irrotational real analytic diffeomorphism 
preserving a Borel probability measure fj, of full support, and let f be its irrotational 
lift. Then, either every orbit of f is bounded, or every orbit of f is uniformly 
bounded in some rational direction (i.e. f is annular). 
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The above theorem applied to some power of / shows that in the real analytic 
setting, area-preserving rational pseudo-rotations necessarily have bounded devia- 
tions from the rigid rotation, at least in some direction. An analogous property 
for irrational pseudo-rotations does not hold, in view of the analytic examples from 
|KK09j ■ Note also that the example from |KT12a| shows that Theorem [P] is false 
if one replaces 'real analytic' by 'C°°\ 

1.2. The area-preserving hypothesis. It is important to note that the hypoth- 
esis of the existence of an invariant probability measure of full support in Theorem 
[A|is essential, and it cannot be relaxed to a nonwandering condition. Let us briefly 
sketch an example, which which was communicated to us by Bassam Fayad. If X is 
the constant vector field X{x) = v on T^, where i; S is some vector of irrational 
slope, and if — > M is a C°° function such that <j){xo) = for some Xo S and 
(pix) > otherwise, then the time-one map / of the flow induced by the vector field 
(pX on has xq as its unique fixed point, and all other orbits are dense. Moreover, 
since (j) is C°° near xq, a direct computation shows that / is irrotational (moreover, 
one may show that the unique invariant probability measure is the Dirac measure 
at Xq). This example is clearly nonwandering, and none of the cases from Theorem 
|A]hold (/ does have bounded displacement, but in an irrational direction). 

1.3. Poincare recurrence on the hft. In order to prove Theorem \K\ we prove a 
Poincare recurrence type theorem in the lifted dynamics under certain conditions, 
which can be applied in a more general setting than irrotational homeomorphisms. 
If t! € is a nonzero vector, we denote by the half-plane {u e : {u; v) > 0}. 
Recall that the rotation set is always compact and convex |MZ89j . One can also 
define the rotation vector Pfi{f) associated to an invariant probability measure /i; 
see Section m for the definition. 

Theorem E. Let / ; — )• be a homeomorphism homotopic to the identity and 
f a lift of f to M^. Suppose that (0,0) is an extremal point of p{f), and p{f) C 
for some v G Z,"^ , v ^ (0,0). Then, for any f -invariant Borel probability measure 
fi such that p^{f) — (0,0), the set of f -recurrent points projects to a set of full 
p-measure in T^. 

As an immediate consequence, we have 

Theorem F. Suppose /: — > is an irrotational homeomorphism preserving 
a Borel probability measure with full support p. Then its irrotational lift f is non- 
wandering. 

1.4. Geometric results for eventually free chains. The other theorem that 
deserves to be highlighted is Theorem |3.2[ which is a geometric result about de- 
creasing chains of arcwise connected sets. We omit the statement from the intro- 
duction, since it is somewhat technical; we refer the reader to Section |3] We only 



mention that Theorem 3.2 is rather general (considerably more than what is needed 
in our proof of Theorem | A[) , and it does not involve any dynamics. 

1.5. Outline of the article. This article is organized as follows. Section [2] in- 
troduces some useful notation and some existing results that will be used in many 
places along this article. Section|3]is devoted to the geometric results mentioned in 



the previous paragraph (in particular. Theorem 3.2). Before proving these results. 
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in §3.1| we prove as an application a technical result that plays a crucial role in the 
proof of Theorem |X] 

The goal of Section|4]is proving Theorem [E{ but it includes some technical results 
and notions that are also useful in other parts of the article. We begin defining the 



rotation vector of an invariant measure and recalling its main properties. In i 4.2 



we present a "directional recurrence" result, which is a consequence of a theorem 
of Atkinson [Stk76 . FoUowing |Tall2[ ITZTllJ . p3| i ntroduces the sets Uy, which 
play a fundamental role in the proof of Theorem |E[ presented in the remaining 
subsections. 

Section [s] introduces some results from [KT12b| which rely heavily on the equi- 
variant Brouwer theorem of Le Calvez }LC05j and a recent result of Jaulent |Jaull| . 
The main goal of the section is to show that the results about invariant and pe- 
riodic topological disks that are proved in |KT12b| for maps with a "gradient-like 
Brouwer foliation" remain valid in the context of an irrotational area-preserving 



homeomorphism. Of particular interest is Proposition 5.8 which is the key for 
ruling out bounded displacement in an irrational direction in Theorem [A} 

Finally, Section |6] presents the proof of Theorem [A] and Section [7] proves Propo- 
sition [cl 



2. Notation and preliminaries 

The sets , , and denote the set of all non-zero elements of the cor- 
responding spaces, e.g. = {w G : u 7^ (0:0)} and similarly for the other 
spaces. 

By {x;y) we denote the canonical inner product of two vectors in M^. Given 
V G we denote by p„ : — > M the orthogonal projection 

M 

For any v = (a, b) G M^, we denote by the orthogonal vector = (b, —a), and 
the translation a; h- > a; + w of is denoted by T^. If 5 C is a set, we will use 
both S + v and Ty{S) to denote the translated set {x + v : x £ S}. 

If 7: [0, 1] — > AT is an arc, then [7] denotes its image and —7 denotes the reversed 
arc (-7)(^) = 7(1 - t). If 7': [0, 1] -J> X is another arc with 7'(0) = 7(1), then 
7*7': [0, 1] — > X denotes their concatenation. 

2.1. The boundary at infinity. Given a set X C M^, we say that X accumulates 
in the direction w G at infinity if there is a sequence {xn}n>o in ^ such that 

lim ||a;„|l = 00 and lim - — — v. 

in-oo n^oa ||a;„ — Xo\\ 

The boundary of X at infinity is defined as the set doo X C consisting of all 
?; G such that X accumulates in the direction v at infinity. 

Denoting by a disjoint copy of , the space = M^US;!^^ can be topologizcd 
in a way that it is homeomorphic to the closed unit disk D and 9r2 X — doo X U 
X for any X C K^. A basis of open sets in is given by the open subsets of 
together with sets of the form V U I^o where / C is an open interval, /qo is 
the corresponding interval in §00, and V — {tv : v e I, t > M}. 



6 



ANDRES KOROPECKI AND FABIO ARMANDO TAL 



2.2. Essential and inessential sets. An open subset U of is said to be inessen- 
tial if every loop in U is homotopically trivial in T^; otherwise, U is essential. An 
arbitrary set E is called inessential if it has some inessential neighborhood. We say 
that E is fully essential if \ i? is inessential. 

The next proposition is contained in |KT12bl Proposition 1.3]. 

Proposition 2.1. If K CZT'^ is compact and inessential, then any connected com- 
ponent of TT^^{K) is bounded. Thus, if U is open and fully essential then any 
connected component o/M^ \tt^^{U) is bounded. 

We also need the following proposition, included in |KT12b[ Proposition 1.4]. 

Proposition 2.2. Let /: — > T'^ be a homeomorphism homotopic to the identity. 

(1) // there is an f -invariant connected open or closed set which is neither 
inessential nor fully essential, then f is annular. 

(2) // / is non-annular and has a fixed point, then /" is non-annular for all 
n e N. 

2.3. The filling of a set. If iJ C is connected, we define its filling Fill(_B) as 
the union of E with all the bounded connected components of \ E. Thus Fill(i?) 
is connected and all the connected components of its complement are unbounded. 
In particular if E is open, then Fill(£') is an open topological disk. If 5 : M-^ ^ 

is a homeomorphism then Yi\\{g{E)) = g(Fill(i?)), so the filling of an invariant set 
is invariant. 

Proposition 2.3. EnT^{E)^(l) if and only if Fm{E) r\T^(Fm{E)) ^ (d (v e R^) 

Proof. The 'if direction is trivial. To prove the 'only if part, suppose Fill(£') n 
Ty(Fm{E)) ^ and assume first that r^(Fill(£;)) is disjoint from E. Then 
Ty{¥\\\{E)) must intersect (and thus be contained in) a bounded connected compo- 
nent oiR^\E. This implies that Ty{Yi\\{E)) is bounded (so Fill(£:) is also bounded), 
and T„(Fin(£:)) C Yi\\{E). But the latter implies that T„"(Fin(i;)) C Yi\\{E) for 
all n e N, contradicting the fact that Fill(ii^) is bounded. 

Now assume that T„(Fill(i;)) intersects E. Note that r„(FiU(£;)) = Fill(T„(£;)). 
If Ty{E) intersects E, we are done. Otherwise, E intersects Yi\\{Ty{E)) \ Ty{E), 
which means that E intersects (and is contained in) a bounded connected compo- 
nent of \ Ty{E). Thus E is bounded, and so Fill(£') is bounded. Moreover, 
E C Fin(T„(£:)), from which Fill((£;) C ¥i\\{T^[E)) = r„(Fill(£;)). This means 
that r-"(Fill(£')) C Yi\\{E), contradicting the fact that Fill(£:) is bounded. □ 

If £^ C is open or closed, then we define Fill(i?) as the union of E with all the 
inessential connected components of \ £' (see |KT12bl §1-4]). One easily verifies 
that the filling of invariant sets is invariant. 

In the case that U is open and connected, Fill(C/) coincides with 7r(Fill(J7)), 
where U is any connected component of 7r~^(C/). Moreover, 

• [/ is inessential if and only if Fill(C/) is an open topological disk; 

• [/ is essential but not fully essential if and only if Fill(J7) is a topological 
annulus; 

• U is, fully essential if and only if Fill(C/) = T^. 
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2.4. The sets Ue{z). Let /: S* — > be a homeomorphism of an orientable surface 
S. Given z G S and e > 0, denote by U'^{z,f) (or simply U'^{z) when there is 
no ambiguity) the connected component of IJ^^^^ /"(_Bg(2)) containing z. Suppose 
that f"{Bg{z)) intersects B^{z) for some n e N (otherwise, U'^lz) = B^{z)). Since 
/ permutes the connected components of Unez foUows that Ul,{z) — 
f'^{U[{z)), and if n S N is chosen minimal with that property, then f'^{U'^{z)) is 
disjoint from U'^{z)) whenever 1 < k < n. In particular, if n > 1 then ^/^(z) is 
disjoint from its image. 

If 5* = K^ we let U^{z) = U^{z, f) denote the set Fin(C/^'(z)), i.e. the union of 
U'^{z) with all the bounded connected components of its complement. It follows 
that C/c(z) is an /"-invariant open topological disk. Moreover, Ue{z) intersects 
f{Ue{z)) if and only if U^{z) intersects f{U'^{z)) (the proof of this fact is similar 



to the proof of Proposition 2.3). This implies that Ue{z) is invariant if and only if 
U'^{z) is invariant, and otherwise it is periodic and disjoint from its image. 

Therefore, ii B^{z) is not wandering, then the set U^{z) is an open topological disk 
which is either invariant, or periodic and free for /. Note also that [/^(x) C Ue'{x) 
if e < e'. 

2.5. Strictly toral dynamics. The following result, which is contained in Theo- 
rem B from |KT12b| . is critical in this article. 

Theorem 2.4. Suppose /: — >■ is o nonwandering non-annular homeomor- 
phism homotopic to the identity such that Fix(/) is not fully essential. Then any 
invariant open topological disk U C T'^ is such that the connected components of 
Tr~^{U) are bounded. 

3. Geometric Results 

In this section we will prove two general technical lemmas that play a key role in 
the proof of Theorem [Xj The arguments are all geometric in nature and there is no 
dynamics involved (however, we use arguments from Brouwcr theory in the proofs). 
The theorems will be proved in a setting which is considerably more general than 
what we need, as we expect that they may be useful in future works. In order to 
simplify the statements, we introduce some terminology. 

A set C is r-quasiconvex for some r > if S* intersects every open ball 
of radius r contained in the convex hull of S. We also say that S is r-dense if it 
intersects every open ball of radius r in M^. 

Remark 3.1. Our definition of r-quasiconvex set differs slightly from the one usually 
found in the literature, which requires that the convex hull of S be contained in 
the r-neighborhood of S. However, a connected set that is r-quasiconvex with our 
definition is always 2r-quasiconvex with the usual definition (but we do not need 
this fact). 

Let S C be a subset, which we usually assume to be discrete. We say that a 
set [/ C is Yi-free if Ty{U) n [/ = for all w € S. An chain (of arcwise connected 
sets) is a sequence C — (J7„)neN of arcwise connected sets such that Un+i C C/„ for 
all n e N (i.e. a decreasing sequence). We say that 

• C is eventually Y,-free, if for each u e S there is n € N such that Ty[Un) H 
Un = % (hence the same property holds for larger n); 

• C is eventually r-quasiconvex for some r > if HnGN r-quasiconvex; 
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• C is eventually quasiconvex if it is eventually r-quasiconvex for some r > 0; 

• C has an asymptotic direction if there is u € §^ if PlneN^oo ~ i^}^ 

• C has bounded deviation in the direction w S if HneN contained in 
some strip of the form {z S : -M < (z; v) < M}. 

Note that if C is eventually r-quasiconvex for some r > 0, then for any n G N the 
set Un intersects every open ball of radius r contained the convex hull of HneN ^n- 
The main result of this section is the following. 

Theorem 3.2. Let E C Ili^ be a discrete R-dense set for some R > 0, and C — 
{Un)neN ctn eventually Ti-free chain of arcwise connected sets. Then C is eventually 
r-quasiconvex for any r > R. In addition, one and only one of the following holds: 

(1) There is n € N such that Un is already Ti-free, 

(2) C has an asymptotic direction, or 

(3) C has bounded deviation in some direction v € Mj, and moreover, there is 
M > such that E = HneN separates the half-planes {z G : (z; v) > 
M} and {z e . < 

Note that if the first case holds, then Uk is S-free for any k > n. 



3.1. A dynamical consequence. Before moving to the proof of the geometric 
results, let us state a somewhat technical dynamical consequence which is in the 
core of the proof of Theorem [X] 
Recall the notation Ui from 32.41 



Proposition 3.3. Let /: — > be the lift of a homeomorphism f o/ ho- 
motopic to the identity. Suppose that for some w G and xq G , the sets 
On '■— ^i/„(^0;/) OLf^ such that 

. f{On) = On; 

• 7r(0„) is essential in T^; 

• the decreasing chain (0„)„gN is eventually 1? \ (M.w)-free. 
Then there exists w G and M > such that 

\Pwir{z) - z)| < M for allnel, ze R\ 



Furthermore, if f is not annular, then only case (3) of Theorem 3.2 is possible. 

Proof. Let E = \ (Mu;). Then (0„)„gN is an eventually E-free chain, and clearly 
E is 2-dense (i.e. it intersects every ball of radius 2). Theorem 3.2 implies that one 
of the following holds: 

(1) There is n G N such that 0„ n Ty{On) — for any v £ not parallel to w, 

(2) HnGN^tx) On is a single point, or 

(3) the set E = Hnen^n is contained in a strip p^^((— M, Af)) for some w G 
Kj, and E separates the half-plane p~^{{—oo, —M]) from p~^{[M, oo)). 

We will rule out the first two cases; but first, note that we may assume that / is non- 
annular (otherwise there is nothing to be done). Since 7r(0„) is open, connected, 
invariant and essential, and since / is non-annular, Proposition |2.2| implies that 
7r(0„) is fully essential for each n G N. This rules out case (1). 

The fact that 7r(0„) is fully essential also implies that we can find, for each 
n G N, some Vn & not parallel to w such that 0„ n Ty^{On) 7^ 0- By using 
subsequences, we may assume that ?;„/ ||w„|j — >■ u G S^. From the fact that (0„)„gN 
is eventually E-free we easily conclude that ||?;„|| — > 00. 
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The choice of Vn and the definition of imply that, for each n E N, there 
is Zn £ i?i/„(xo) and /c„ € 7L such that / "(zn) G B^jJ^x^ + Thus, 0„ 

intersects _Bi/„(xo +Wn)- But we also have that z^^ = f "{zn) — u„ e i3i/„(5;o) and 

f~^"{z'n) e -Bi/„(So - Wn)- Thus 0„ also intersects i3i/„(a;o - 

Since Om C 0„ if m > n, we conclude that 0„ intersects i?i/„(a;o ± Um) for 
each m > n, and it follows easily that {v, —v} c 9oo 0„. This rules out case (2), 
so only case (3) is possible. 

Hence there is w G such that E = Hnen^n C M, M)), and E sepa- 

rates the half-planes 

Hi=p-\{~c^,~M]) and ^2 = P^'([Af, oo)). 

If Wi is the connected component of \ containing Hi , then one easily verifies 
that Wi is invariant for i € {1,2} (since / permutes the connected components of 
R'^\E and each Wi and f{x) — a; is uniformly bounded). 

Let M e be such that [0, l]^-uC Hi and [0, l]'^ + uCl H2. If z e [0, 1]^, then 
z — u C Hi and so 

r{z -u)cHiCM.''\H2C p-^((-(x), M]) 

for all n € Z. This means that Pw{f"{z)) — Pw{u) = Pw{f^{z — u)) < M for all 
n G Z, and so Pwif"'{z)) < M + Pw{u) for all n € Z. By a similar argument with 
H2 one concludes that Pw{f^{z)) > —{M + pyj{u)) for all n e Z. 

Thus \pw{f^{z))\ < M for all z e [0, 1]^, from which we easily conclude 

that 

\Pw{r{z) - z)\ < M' for aU z G M^ n e Z, 
where M' = Af + + ^2. □ 

3.2. A quasi-convexity lemma. We begin with a general result that leads to the 
quasi-convexity part of Theorem |3.2[ 

Lemma 3.4. Let E C he a discrete set, and {Un)n&^ an eventually T,-free chain 
of arcwise connected subsets o/M^. If Q C is a bounded connected set such that 

Q C int Conv ( f]Unj and [j T„(Q) = R^, 
then Un^Q ^ % for each n € N. 

Corollary 3.5. Suppose {Un)neti a decreasing sequence of arcwise connected 
sets such that Conv (pl^^^pj [/„) — M^, and for each w G Zj there is n such that 
Un n Ty{Un) — 0. Then J7„ intersects the square [a, a + 1) x [b,b + 1), for any 
(a, b) e and n G N. 

Let us introduce a definition before moving to the proof. Given z G M.'^ and 
an arc 7: [0, 1] such that z ^ 7([0, 1]), we define a partial index as follows: 

consider the map 

and let ^: [0, 1] M be a lift to the universal covering, so that e^'^^*^*) = ^(t)- Then 
we define 

/(7,z) = e(i)-e(o). 
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This number does not depend on the choice of the hft ^ or the parametrization of 
7 (preserving orientation). If 7 is a closed curve, 7(7, z) is an integer and coincides 
with the winding number of 7 around z. If 7 and 7' are arcs with 7(1) — 7'(0) and 
z ^ [7] U [7'], then 

7(7 * 7', z) = 7(7,2) +7(7', z). 

Additionally, 1(7, z) is invariant by homotopies in \ {z} fixing the endpoints of 
7. A simple consequence of this fact is that if 1(7, z) 7^ and 7 is closed, then z 
must be in a bounded connected component of \ [7] . 

The following proposition is proved in (MZ89| and attributed to A. Douady. 

Proposition 3.6 f |MZ89] ). Let j be a simple arc joining two points zq and z\ and 
not intersecting the line segment £ from zq to z\ other than at its endpoints. If 
Zq + V lies in the closure of the disk bounded by [7] U £, then [7] intersects [7] + v. 

Remark 3.7. The original statement uses "open disk" instead of "closed disk", but 
it since 7 is compact the two statements are equivalent. 

Lemma 3.8. Let E CZ M.'^ be an arcwise connected set, P C E a convex polygon 
with vertices in E , and z d P \ E. Suppose additionally that there is no loop in E 
bounding a disk that contains z. Then there is a segment I contained in an edge 
of P and a simple arc ^ in E joining the endpoints of I and not intersecting i 
anywhere else, such that the (closed) disk bounded by [7] U [£] contains z. 




Proof. If z belongs to some edge £' of P, we may choose any simple arc 7' in E 
joining the endpoints of £' , and consider the connected component of [£'] \ [7'] that 
contains z, parametrized as £. The two endpoints of £ are joined by some sub-arc 7 
of 7', which does not intersect £ elsewhere, and since z S [£], the required properties 
hold. 

Now assume z € int P, and let zq, . . . , z„_i be the (positively) cyclically ordered 
vertices of P (see Figure[T]). For each i € {0, . . . , n— 1} let 7^ : [0, 1] — >■ be a simple 
arc joining z^ to Zj+i (^od n) Using the notation 7(7) = 1(7, z), we first observe that 

^(70) + /(71) + • ■ • + /(7n-l) = 0. 

This is because 70 * • • • * 7„_i is a loop in E, and if /(70 * • • • * 7n-i) 7^ then z lies 
in some bounded component 7? of \ [70 * • • • * 7n-i], and then d D is a simple 
loop in E bounding a disk that contains z, contradicting our hypotheses. 
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Denote by £i : [0,1] — > the parametrized edge of P from Zi to ^i+i (mod n)- 
Being a straight segment, it is clear that I{£i) < 1/2. On the other hand, from 
the fact that P is convex and the ordering of the vertices it follows that I(£o) + 
I{ii) ■ ■ ■ + I{£n-i) = 1- From these facts we see that 

^(70 * (-4)) + Hll * i-h)) + ■■■+ Hln-l * i-in-l)) = -1. 

Since each 7^ * (—f-i) is closed, * (— ^i)) G Z, and the above equation implies that 
there is some k £ {0, . . . , n—1} such that I{'^k*{~ik)) 7^ 0. By a standard argument, 
we show that 7^ * {—f-k) contains a simple loop that bounds a disk containing z: 
let A = {s £ [0, 1] : 7fe(s) G [(-k]}, and for each s € A let is G [0, 1] be the (unique) 
number such that 7fe(s) = £k{ts)- Note that A is closed and s 1-^ tg is continuous, 
so if we use the notation 7^* to represent the sub-arc 7fe| [s,t] affinely reparametrized 
to have domain [0,1], one easily verifies that the map s i-)- /(7"* * (~^fe*°)) is 
continuous as well. Thus, there is a largest s £ A such that /(7^^ * (~^fe*°)) = ^^ 
and a smallest r G A such that r > s (for the latter, note that if r e ^4 and 
r > s, then 1(7^'' * (~^fe*'')) is a nonzero integer, and by continuity there has to be 
a smallest such r). From our choice of s, 

and from our choice of r follows that 7^'' does not intersect £k other than at its 
endpoints. Since both jk and £k are simple arcs, it follows that 7I'' * {—£1^) is a 
simple loop, and the disk it bounds contains z because of the nonzero index. Thus 
7 = 7^'' is the required arc. This completes the proof. □ 

Proof of Lemma \3.4\ Suppose for contradiction that Q H = for some no G N. 
Since the sets Ui are nested, we have Q O Un = for any n > uq. By Steinitz' 
theorem, each point of Q has a neighborhood contained in the convex hull of some 
finite subset of U — HneN ' ^^'^ ^'^ compactness we can find a finite set S G U 
such that Q C int P, where P = Conv 5. Let be a bounded neighborhood of P. 
Note that the set 

V^{x-y:xeW,yemtW,yj^x}ni:. 

is bounded, hence finite (because E is discrete). Thus we can find ni > no such 
that if n > ni then [/„ n T^iUn) = for any v eV. 

From now on, fix n > ni and z € Q. Since Q C intP and the (finitely many) 
extremal points of P are in [/„, by a small perturbation of these points we obtain 
a new convex polygon P„ with extremal points in C/„ such that Q C intP„, and 
Pn C W. By Lemma [3.8| applied to E — Un and P„ instead of P, there are two 
possibilities: 

Case 1. There is a simple loop a in Un bounding a disk D containing z. Since 
Q is connected and disjoint from [/„ (and so from [a]), and Q n I? ^ 0, it follows 
that Q <Z D. The fact that lJt,es Q ~^ ''^ implies that there is u G S such that 
Q n Ty{Q) 7^ 0. Indeed, a classic theorem of Sierpinski |Siel8| implies that is 
not a countable union of pairwise disjoint closed sets. But then D n Ty{D) ^ 0, 
which implies that [a] n T.v{[a]) ^ and therefore J7„ n Ty{Un) ^ 0. On the other 
hand, since Q C intP„ C W ^ we have that v <^V and so C/„ n ([/„ + u) = 0, a 
contradiction. 

Case 2. There is an arc 7 in [/„ joining two points of a subset £ of an edge of 
P„ such that [7] U \P\ bounds an open disk D such that z ^ D. Since Q C int P„ is 
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connected and disjoint from [7] U [I], it follows that Q C D. Letting zq — 7(0), from 
the fact that IJties Q + v = M.'^ we see that there is w S S such that zq + v G Q C D. 
Proposition [3!6] implies that [7]nT„([7]) ^ (see Figure [2|, and so C/„nT„(C/„) = 0. 
But since zq G d Pn C W and Ty{zo) G Q C int P„ C W, we have that v &V which 
implies that J7„ n r„ = 0, again a contradiction. □ 



3.3. Proof of Theorem |3.2[ Wc will use two classical properties of translations, 
derived from Brouwer theory. 

Definition 3.9. Given v E Mj, we say that 7: [0, 1] is a Ti,-translation arc 

if 7 is a simple arc joining a point x to Ty{x) and [7] n Tl. [7] = {Ty{x)}. 

Proposition 3.10 (Corollary 3.3 of |Bro85j ). If K C M."^ is an arcwise connected 
set and v eR^ is such that K r]Ty{K) = <ll, then K n Tl\K) = for all n G . 

The next proposition is a direct consequence of Theorem 4.6 of jBro85j . 

Proposition 3.11. If K C is an arcwise connected set such that Kr\Ty{K) — 
for some v eM.'^, and a is any -translation arc disjoint from K , then 

(GO \ / 00 \ 

y Tl[a]j =0 or K D \ \J T-'[a]j = 

We will also need the following 

Proposition 3.12. If K C M."^ is arcwise connected and K O Ty{K) 7^ for some 
w G M^ , then K contains a Ty -translation arc. 

Proof. By hypothesis, there is y G if be such that Ty{y) G K. Since K is arcwise 
connected, there is an arc 7 : [0, 1] — )■ K, which we may assume simple, joining y to 
Ty{y). Define F: [0,1] x [0,1] ^ F{s,t) = -f{t) -7(5), and let (so,io) be a 

point in the closed set F^^(v) that minimizes the map 

F-\v)3 is,t)^\s~t\, 

Then the arc 7|[sQ_t(,] is a Tu-translation arc in K. □ 

To prove Theorem |3.2| we begin with an auxiliary result. 



Lemma 3.13. Let {Un)neN be a as in the hypotheses of Theorem 3.2. and let 
Vq G S. Then one of the following holds: 

(1) There is n E N such that Un is T.-free, or 

(2) For every e > 0, there is an open arc I^ in §^ of length f — e with an 
endpoint vq/ \ \vq\\ such that dooUn H /e = 0. 

Proof. Given e > 0, from the fact that S is i?-dense we may find Uq G S such that 

I - e < angle(i;o, Wq) < ^ + £■ 

Let no G N be such that both Un„ n T^,, [Una) and n {Ung) are empty. 
If Una is E-free, then case (1) of the Theorem holds and we are done. Otherwise, 



we may choose wi G S such that Uno intersects Ty,^{Una)- -^Y Proposition 3.12 
there exists a T^j^ -translation arc a in joining a point y to Ty,-^{y). Moreover, 
since Wi G S, we may choose ni > Uq such that C/„j n (T^^ (f^ni)) = 0- Again, if 11^ 
is E-free then we are done; otherwise, there is W2 G E such that J7„j nT^j^ (C/„J 7^ 0. 
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Since Um is a subset of Un„, by Proposition 3.12 there is a "translation arc /3 
in Ung joining a point z to T^^z. 

Let 7 be an arc in C/„o joining y to z, define 

oo CO C30 oo 

1=0 i=0 i=0 i=0 

and consider the four connected sets 

Ci = (1+ U ^+ U 7, C2 = a+ U U 7, C3 = a" U /3+ U 7, C4 a" U U 7. 

Claim 1. Given r > anc? i G {1,2,3,4}, there exist two points zi and z[ such 
that Br{zi) and Br{z^) lie on different connected components ofM? \ Ci. 

Proof. We consider the case i = 1; the other cases are analogous. Note first that 
U 7 is contained in a half-strip Si with the direction wi (i.e. a set of the form 
{z : a < p^±{z) < b, Pwiiz) > c}). Similarly, /S"*" U 7 is contained in a half-strip S2 
with direction W2 (see Figure [s]) . Let Oi and O2 be the two connected components 
of \ {Si U 5*2). It is easy to verify that Oi and O2 lie in different connected 
components of \ Ci, and since each Oi contains a cone, one may find a ball of 
arbitrarily large radius in each of the two sets. □ 




Figure 3. The sets Oi and 02- 



Claim 2. Given r > 0, there is R > such that for any arcwise connected set 
K cM.'^X {[a] U [/3] U [7]) such that K is disjoint from Tw-^(K) and T^^i-^) there is 
X such that \\x\\ < R and Br{x) is also disjoint from K. 

Proof. Fix r > and let Zi and z[ be the points from Claim [l] for i e {1,2,3,4}. 
We choose R such that R > ||zi|| and R > \\z[\\ for i e {1,2,3,4}. 



The fact that K is disjoint from (K) and from a implies, by Proposition 3.11 



that K is disjoint from one of the sets or a~ . Similarly, since K is disjoint from 
and from /3, it must be disjoint from one of the sets or /3~. Since K is also 
disjoint from 7, it follows that K is disjoint from Ci for some i € {1, 2, 3, 4}. Since 
K is connected, it lies entirely in one connected component of \ , so Claim [l] 
implies that K is disjoint from Br{x) where x is either Zi or z[. □ 

We now fix n2 > ni such that ?7„2 is disjoint from both T^-^{Un2) 2^M)2(^n2)- 
Recall from the beginning of the proof that Una disjoint from Tyg{Uno) ^^'^ 



Tv'g{Un„)- Since it is arcwise connected. Proposition 3.10 implies that Un^ is also 
disjoint from T^g{Uno) ^i^j(^"o) given fc e Z*. 
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Fix r — 2niax{||'i;oll j Ikolllj ^^^^ let R be as in Claim [2j Given fc S N, we have 
that T'^'^ (11,12) is disjoint from Ung (because ?7„2 C Una)- particular, T~l^{Un2) 



raj) we conclude 
'=(?7„J. This 



is disjoint from [a] U U [7]. By Claim [2] applied to K = T-''{U, 
that there is Xk such that \\xk\\ < i? and Br{xk) is disjoint from 
means that is disjoint from Br{yk), where yk = Xk + kvQ. 

Since t/„2 is disjoint from Br{yk), it is disjoint also from the straight line segment 
joining yk to yk + (which is a -translation arc). Thus, recalling that J7„2 is 
disjoint from TyaiUn2), Proposition 3.11 implies that Un2 is disjoint from either 
yk + M.~^vo or from yk + M.~vo. 

We examine two possibilities. First, assume that for all fc G N, the set J7„2 is 
disjoint from yk + R^vq. We claim that in this case C/„2 is disjoint from one of the 
two half-planes Si = {x : Py±{x) > R} or ^2 = {a; : Pv±{x) < —R} (see Figure 
[4]). In fact, if intersects both Si and 6*2, it contains an compact arc a joining 
a point of Si to a point of S'2. Since yk & Bn^kvo), it follows that yk + 'M.~vo 
intersects cr if fc is chosen large enough, contradicting the fact that is disjoint 
from yk +]S.~vo. Thus J7„2 is disjoint from Si or 5*2, and this implies that i9oo Un2 is 
disjoint from an open interval of length tt with one endpoint in vq/ \\vo\\, concluding 



the proof of Lemma 3.13 in this case 




(0,0). Vq. 2vq. ■ivQ. Avq. 





Figure 4. 



Figure 5. 



The second possibility is that, for some fc e N, the set C/„2 is disjoint from 
yk +M.'^vq. Since Un2 is disjoint from Br{yk) with r > 2 ||wo||i it follows that C/„2 is 
also disjoint from the line segment joining yk to yk + Vq, which is a -translation 
arc. Since J7„2 C C/„„ and Ung is disjoint from T'^i^{Uno), '^^ ^.Iso have that Un^ is 
disjoint from T^/{Un2)- Thus Proposition 3.11 again implies that Un2 is disjoint 



from either yk + M+Wq or yk +R v'q. See figure [5] 

We claim that J7„2 is disjoint from one of the two "quadrants" 

Qi = {yk +xvQ + yvQ:x>0,y> 0}, Q2 = {yk + xvq + yv^ : x > 0,y < 0}. 

In fact, in the case that J7„2 is disjoint from yk -f M^^Wq, since it is also disjoint from 
yk + R'^vo, it follows that Un2 is disjoint from dQi, so that either [/„2 C Qi (in 
which case it is disjoint from Q2) or J7„2 is disjoint from Qi. Similarly, in the case 
that Un2 is disjoint from yk -|-M~Wg, it follows that C/„2 is disjoint from dQ2, so 
either Un2 is contained in Q2 (hence disjoint from Qi) or f7„2 is disjoint from Q2, 
proving our claim. 
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Since [/„2 is disjoint form one of Qi or Q2 and 7r/2 — e < angle(tio, Wq) < 7r/2+e, it 
follows that one of the two open intervals of length ^ — e in 9oo with an endpoint 
Vol llwoll is disjoint from dao Un2, completing the proof of Lemma 3.13 □ 



We are now ready to prove Theorem 3.2 
Proof of Theorem\3^ Let 



nGN 

Assume that case (1) of the theorem does not hold, i.e. C/„ is not S-free for any 
n E N. Let us first show that K C {—v,v} for some w e S^. Indeed, if this 
is not the case, then there are two different directions vi and V2 in K such that 
angle(t;i, V2) < tt. Using the fact that S is i?-dense, we may find vq G T, and e > 
such that angle ( u 1, wq) < f ~ ^ ^^'^ angle(Do, ^'2) < f — e (it suffices to choose vq 
such that Wo/ 11 Wo 11 is close enough to the midpoint of the smaller interval between 
vi and V2 in S^). Since both vi and V2 belong to dao Un for each n G N, case (2) 



of Lemma 3.13 cannot hold. Hence, case (1) of Lemma 3.13 holds, i.e. C/„ is E-free 
for some n G N. This contradicts our assumption. 

Thus K C {—v,v} for some w S S^. To see that K is nonempty, it suffices 
to show that [/„ is unbounded for each n G N. Suppose on the contrary that 
Una is bounded for some uq G N. Since (?7„)„gN is a decreasing chain, the sets 
Wn = {f G : Ty{Un) n J7„ 7^ 0} define a decreasing chain of sets as well, and 
the fact that E is discrete and Una is bounded implies that Wna is finite. Since 
{Un)n&i is eventually E-free, we may choose n > no so large that J7„ n Ty{Un) = 
for all V G Wno, and since W„ C Wno it follows that Wn = 0. This means that Un 
is E-free, contradicting our assumption that case (1) of the theorem does not hold. 

Thus K is nonempty. If K has a single element, then case (2) of the Theorem 
holds, and we are done. We are left with the case where K = {—v,v}. Let 

f]Un. 

Let us first show that doo E = K. To do this, fix A; G Z and consider the closed 
sets An = Un n [kv -\- Kw"*"). Note that the fact that doo Un contains both v and 
—V implies that A„ is nonempty. Moreover, An is bounded if n is chosen large 
enough: indeed, if An is unbounded, then doo Un contains either or —v^. But 
if n is large enough, then doo Un cannot contain v^] otherwise, since the sets Un 
are nested, it would follow that G which is a contradiction (and similarly, 
—v^ is not in doo Un if n is large enough). The boundedness of An for large n 
implies that HneN^" C n {kv + Eu^) is a nested intersection of compact sets, 
hence nonempty. Thus we can choose a sequence of points Xk G E r\ [kv + Mt;-'-) 
for each A; G Z. Choosing an appropriate subsequence {ki)iizfi with ki ±00 when 
i — ^ ±00, we may assume that XkJ \\xki\\ — > as i — > ±cx), where and u~ are 
elements of §^ with py(u^) < < p„(u+). Since G dooE <z K — {— it 
follows at once that = v and u~ = —v. Thus doo E = {— v} = K, as claimed. 

To prove the quasiconvexity, observe that since E is i?-dense, if Q C is 
an open ball of radius greater than R, then Uiigs^'j('3) ~ particular, if 

B C Conv(_E) is an open all of radius r > R, then B contains the closure of some 
open ball Q of radius greater than i?, and so Lemma |3.4| implies that Un intersects 
Q for each n G N. Since Q C B is compact and is a decreasing intersection of 
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closed sets, we conclude that E HQ ^ 9 and therefore E intersects B. This proves 
that E is r-quasiconvex for any r > _R, as required. 

Now fix xq G E, and recall that the closed convex hull Conv(i?) is the intersection 
of all closed half-planes containing E, i.e. all sets of the form {x G : Pw{x) > t} 
or {x e : Pwix) < t} containing E, for w e and t £ R. The fact that 
doo E = {—v^v} implies that any half-plane containing E must be bounded by a 
line parallel to Mw, i.e. it must have the form 

5*+ = {x e : p^± (x) > t} or S^T = {x e : p^^ (x) < t}, 

for some i e M. We claim that sup Py± (E) < oo. To see this, suppose for contradic- 
tion that suppy±{E) — oo. Then does not contain E when t > to :— py±{xo), 
and does not contain E for any s G M. Thus Conv(i?) is an intersection of sets 
of the form with t < to, which implies that Conv(i?) contains the half-plane S^^, 
from which follows that Conv(i?) contains the half-plane {x G : Py±{x) > to}. 
The quasiconvexity of E then implies that E intersects any ball of radius greater 
than R contained in S^^ , from which follows that doo E contains a whole interval 
of length TT, a contradiction. 

By a similar argument inf p„i (E) > — oo, proving that E C S := p^l{{—M, M)) 
for some M > 0. To show that the two connected components and 0~ of M^\5' 
are contained in different connected components of \ E, suppose that this is not 
the case. 




Figure 6. 



Then, since E is closed, there is an arc j cM.'^\E joining a point x^ E to a 
point x+ G 0+. We assume that 0+ is the component such that Py± > M (see 
Figure [g]). Consider the set Q = {x^ + M.'^v^) U [7] U {x~ + M.~v^), which is disjoint 
from E. Clearly t/„ n is nonempty for all n G N, because {—v, v} C doo Un and 
Un is connected. Moreover, J7„ n 6 is bounded if n is large enough (because Un 
does not contain or — f"*"), so n contains a nested intersection of compact 
nonempty sets, contradicting the fact that E is disjoint from 9. 



This completes the proof of Theorem 3.2 □ 



4. POINCARE RECURRENCE IN THE LIFT FOR IRROTATIONAL MEASURES 

Throughout this section we assume that /: is a homeomorphism ho- 

motopic to the identity and / : — > is a lift of /. 
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4.1. Invariant measures and rotation vectors. If C is any set of Borel proba- 
bility measures on T^, we write 

Supp(C) = y Supp(/x), 

where Supp(/i) denotes the support of /i. Equivalently, x G Supp(C) if every neigh- 
borhood of X has positive /^-measure for some fi € C. 

Remark 4.1. Note that if C is convex, then it is not necessary to take the closure in 
the previous definition. In fact, if a: € Supp(C), then for each n G N there is /z„ G C 
such that Bi/j^(x) intersects Supp(/i„), and therefore /i„(i?i/„(a;)) > 0. Letting 
~ X^fcLi it follows that ^{Bi/n{x)) > for all n S N, so that x G Supp(/i). 

The convexity implies that fj, £ C. 

Denote by A4{f) the set of all /-invariant Borel probability measures. For /x G 
Ai{f), the rotation vector of /i is defined as 

where </): — ^ is the "displacement function", defined for each x G as 
<j){x) = f{x) — X for some (hence any) x G n^^{x). If = (0,0), we say that /i 

is an irrotational measure. 

For any v G K^, we denote by MvCf) the set of all fi & M{f) such that Pfj.{f) = v. 
Note that Aiy{f) is convex. Finally, we write Ai^{f) and A^^(/) for the ergodic 
elements of A^(/) and Mv{f), respectively. 

Let us recall some classic facts: 

Proposition 4.2 f |MZ89| ). The following properties hold: 

• p(/) = W(/):M€X(/» 

• Any extremal point of p{f) is the rotation vector of some ergodic measure. 

• If p £ A^^(/), then p-almost every z G is such that {f^{z) — z)/n^ v 
as n oo for all z G 7r~^(z). 

The next proposition says that if v G p{f) is extremal, then the support of the 
set of measures with rotation vector v coincides with the support of the subset of 
all ergodic measures with the same rotation vector. 

Proposition 4.3. // v is an extremal point of p{f), and B is a Borel set such 
that p(B) > for some p G M.v{f), then there is an ergodic v G MUf) such that 
v{B) > 0. In particular, 

Supp (X„(/)) =Supp (Mlif)). 

Proof. Since the map 

M{f)3p^p^{f) 

is affine, it follows from the ergodic decomposition theorem that there is a proba- 
bility measure p defined on A4'^{f) such that 

V = P^,if) = / p^{f)dp{iy). 
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Since v is extremal in p{f), this easily implies that Pu{f) — v for /i-almost every u. 
From the ergodic decomposition we also have 

v{B)d'il{v) = ^Ji{B) > 0, 

thus J^{B) > for a set of positive /I-measure of elements i' S A4^{f). In particular, 
there exists one such v. The claim about the support of A4y{f) follows immediately 
considering B = B^{x) for e > and x £ Aivif)- O 

4.2. Directional recurrence for ergodic irrotational measures. We will use 
several times the following lemma, which provides a sort of "directional" recurrence 
when an ergodic measure has nonzero rotation vector. 

Lemma 4.4. Let /i e Ai'j-^^^{f). Then, given vq G MJ, there is a set E^^ C 
such that fi{Eyg) — 1 with the following property: for all x £ Ey^ there is a sequence 
("•fe)feeN of integers such that rifc — > oo as k ^ oo and, for any x G it~'^{x), 

• {T'{x)-x)/k^ (0,0), and 

• {n{x)-x-v^) ^Q, 

as k ^ oo. In particular, if vq G and Vo is not a multiple of a different element 
ofZ^, there is a sequence {mk)k€fi of integers such that ruk/nk — > and f"'°{x) — 
X — m^v^ — > (0, 0) as k ^ oo, for any x G tt~^{x). 

To prove the lemma, let us recall a classical result from ergodic theory: 

Lemma 4.5 (Atkinson's Lemma, |Atk76j ). Let {X,B,iJ,) be a non-atomic proba- 
bility space, and let T : X ^ X be an ergodic automorphism. If (j) : X ^ M. belongs 
to ii(/i) and J (j)dfj, = 0. Then, for all B £ B and all e > 0, 

J\J i?nT-"(i?)n{xGX: ||]</.(r(a;))| <e}) = p{B) 

\ nSN 1=0 / 

Corollary 4.6. Let X be a separable metric space, f: X ^ X a homeomorphism, 
and fj, an f -invariant ergodic non-atomic Borel probability measure. If 4> £ Li(p,) is 
such that J (pdp, — 0, then for p,-almost every x £ X there is an increasing sequence 
('T'i)ieN of integers such that 

f"''{x)^x and (p{f'' (x)) ^ as i ^ oo. 

fc=0 

Proof. It suffices to show that the set Ei of all a; G X for which there is rt G N such 
that I X)fc=o '^(/'^(^))| < ^^"^ f " i^) ^ Bi/i{x) has full measure for each i G N. 
Suppose on the contrary that fi{X \ Ei) > 0. Then there is x E X \ Ei such that 
/i(_Bx/(2i)(a^) \ Ei) > 0. But Atkinson's Lemma applied to -B = Bi/(^2i){^) \ Ei and 
e — 1/i implies that there is n G N and x' G Bi/(^2i){x) \ Ei such that f"{x') G 
Bi/{2t){x) \ E, and | X;Lo (2^'))| < In particular, /"(x') G Bi/,{x'), so by 
definition x' E Ei, which is a contradiction. □ 

Proof of Lemma \4-4\ Let E = Ey^ be the set of all a; G such that the three items 
of the lemma hold. 
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Suppose first that /i is atomic. Then /i is supported in the orbit of some periodic 
point p. If p G 7r^^{p) and n G N is the period of p, then f"'(p) = p + uo for some 
vq € Z^. Since ^ is ergodic and has rot ation vector (0,0), the fact that > 



imphes that vq — (0,0) (by Proposition 4.2 1. Thus /"(p) =p, and it follows easily 



from this fact that p £ E. Since this can be done for any iterate of p, the orbit of 
p is contained in E and so fJ,{E) = 1 as we wanted. 

Now suppose that /x is non-atomic. Then the last item of Proposition |4 . 2 1 implies 
that the second item of the lemma holds for /u-almost every point, and applying the 
first and third items also hold for /x- almost every Corollary |4.6| to the displacement 
function in the direction vq defined by (f>{x) = \ f{x) — x;vo') for any x G Tr~^{x), 
we see that the first and third items of the lemma hold. Thus /x(i?) = 1, completing 
the proof. 

Note that the final claim of the lemma is an immediate consequence of the 
three items and the fact that, setting eq = inf{(w;wo)/2 : w £ Z'^ \ {Zvq)} , if 
7r(y) G Bf{x) for some e < cq and |(y — x;vq)\ < eq then y E B^{x + tuvq) for some 
TO G N. □ 

4.3. The sets oj^. Let us recall some sets and constructions from |Tall2[ lAZTll] 

and their relevant properties. 
Given w G M^, denote by 

H+ := {ueR^ : {u;v) > 0}, 

a closed half plane. Fix a homeomorphism / : ^ homotopic to the identity, 
and a lift f : — > , and define the set _B ? as the union of the unbounded 
connected components of 

oo 
1=0 

and Lo^ J as the union of the unbounded connected components of 

oo 
i— — oo 

Whenever the context is clear, we will simplify the notation and just write By and 
for these sets. 

The following properties are easy consequences of the definitions (see |Tall2| 
§2]): 

Proposition 4.7. The sets By and uiy are closed, and 

• f{Bv) C By, and f{uiy) = Wt,; 

• if u £1? and {u;v) > 0, then Ty{By) C By and T„(cli„) C tOy; 



LOy is non-separating, and its complement is simply connected. 



These sets are particularly useful whenever the origin belongs to p{ f)- In this 
case, given u G Zj, one can consider the cillinder 'U.'^/{Zv-^), which covers T^, and 
apply the same reasoning as in Lemma 2 of [AGTllj to conclude that both By and 
B-y are nonempty. Also of interest is the case where the origin lies in the boundary 
of the rotation set. For these cases, we have the following result, which is a direct 
consequence of Lemma 4 and Corollary 1 of [Tall2| : 
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Proposition 4.8. Suppose that p[f) C H:^ for some v G M^, and (0,0) G 
Then both a;„ and uj_^ are non-empty. 

4.4. Poincare recurrence on the lift: Theorems [El and iFl Theorem iFl is an 
immediate corollary of Tlieorem[E] The latter, in turn, follows from the next result, 
the proof of which is the focus of the remainder of this section. 

Theorem 4.9. Suppose that lo^ ^ % ^ lo-^ for some w G Z*. Then, for any 
H G A^(oo)(/)' of f -recurrent points projects to a set of full fx-measure. 

Moreover, the nonwandering set of f contains 7r~"'^(Supp(A^(-o_o)(/)))- 

Before moving to the proof, let us show how Theorem [E] follows from the above. 

Proof of Theorem^^ If (0,0) is an extremal point of p{f) and p{f) C where 



V Q 111, then by Proposition 4.8 we know that ujy and uj-v are both nonempty. 
Let Rec(/) denote the set of /-recurrent points, and suppose for contradiction that 
there is ^ G A^(o,o)(/) such that ^(T^ \ 7r(Rec(/))) > 0. Then, by Proposition 



4.3 



there is G A^(q o)(/) such that z^(T^ \7r(Rec(/))) > 0, which contradicts Theorem 
Thus we conclude that 7r(Rec(/)) has full /x-measure, proving Theorem|Ej □ 



4.9 



The proof of Theorem |4.9| will be divided into several independent propositions, 
some of which will be useful for other purposes. 

4.5. The case where 7r(cj„) and 7r(w_„) are disjoint. In this subsection, our only 
assumption is that 7r(cLi,j) and 7r(a;_^) are nonempty and disjoint (where v G Zj). 
Fix pi,p2 G Z, and write 

Note that from the definitions, both sets are closed, /-invariant and non-separating, 
all the connected components of u;_ are unbounded to the left, and all the connected 
components of lj^ are unbounded to the right. Moreover, T^^iuj-) — a;_ and 
r\ {uj+) = UJ+ for ah fc G Z. 

Let Z C be the image of a compact arc joining G oj- to X2 G uj+, such that 
£ = i \ {xq, xi} is disjoint form w_ U w+, and assume further that £ is disjoint from 
T^±{£) for all fc G Z* (the latter holds, for instance, if diam(^) < 1). 

Proposition 4.10. Suppose f{£) n £ = 0, and let F — u!+ U £U ui-. Also assume 
that f has a fixed point. Then 

(1) M.'^ \ F has exactly two connected components fli and 0,2 such that £ C 

dn2ndni, Ty±{n2) c ^2 andT-j^{ni) c rJi. 

(2) For each z G M'^\ (oj+Uw-) there is uq X such that T"^ (z) G if n > Uq 
and T"^ {z) G Vti if n < hq. 

(3) Both D,2 o.'i^d contain some fixed point of f. 

(4) Either /(rJa) C ^2 or /"Hf^2) C ^22- 

(5) // /(Sl2) C i}2, then for each a; G \ (w+ U w_) there S > and toq G Z 
such that f^{Bs{x)) n T^\{Bs{x)) = for all integers fc > and n < TOq 
(and in the case that f^^{fl2) C fl2, a similar property holds with k < 0). 

(6) There is a wandering open set W containing £. 
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Proof. Most of the claims in this propositions are contained in |Tall2j . ahhough 
some not exphcitly. We include them here for the sake of completeness. We will 
assume v = (1,0), so Ty± is the translation {x,y) i— {x,y + 1). The same proof 
works for any i; e after a change of coordinates in SL(2,Z) (or after minimal 
modifications). To simplify the notation, we write T — Ty±. 

First, that M.'^\F has exactly two components follows from the facts that uj- Uw+ 
have only unbounded connected components, that £ is disjoint from a;_ U and 
that one may choose a neighborhood of a point x Cz i that is disjoint from aj_ U a;+ 
and locally separated by £ into exactly two connected components. See |Tall21 
Lemma 8] . 

From the definition of the sets ujy one has that cjy U {oo} is a non-separating 
continuum in the one-point compactification U {oo} (equivalently, it is a nested 
intersection of closed topological disks). In particular, uj^ U {oo} and 0;+ U {oo} 
are non-separating continua which intersect at a unique point. The union of two 
non-separating continua of the sphere which intersect at a unique point is still 
non-separating (see for instance jNew92]). Therefore, uj+ U lu- U {oo} is a non- 
separating continuum in M^Ll{oo}, and this implies that a;-|_Ua;_ is a non- separating 
subset of K^. In particular, if z G \ (w+ U a;_), there is a compact simple 
arc 7 disjoint from a;+ U aj_ joining z to T{z). We may choose 7 such that the 
concatenation F = Hngz o 7 is a simple arc. The arc F separates into two 
connected components: one unbounded to the left and one unbounded to the right. 
Since F contains a connected set which is unbounded in both directions (namely, 
the connected component of F containing £), it follows that F n [F] 7^ 0, and as 
[F] n {oj- Ua;+) = 0, this means that [F] intersects t. 

Let ni € Z be the smallest integer such that T"! [7] intersects and let n2 > ni 
be the largest integer with the same property. Then the sets F^ = U„>„2r"[7] and 
F+ = \Jn<niT"-[j] are both contained in M.'^ \ F. We claim that F~ and F"*" are 
in different connected components of \ F. Indeed, suppose otherwise. Then we 
can find a compact arc cr in \ F joining a point of F^ to a point of F+. The set 
= F~ U [cr] U F"*" C \ F separates the plane into two connected components, 
one bounded to the left and one bounded to the right. The fact that the connected 
component of F containing £ is connected and unbounded both to the left and to 
the right implies that F n ^ 0, a contradiction. Thus the sets F^ and F+ are 
contained in different connected components of \ F. We remark that from the 
definitions, T(F") n F" 7^ and T(F+) n F+ 7^ 0. In particular, each connected 
component of \ F intersects its image by T. 

Note that T{£) is disjoint from £ and r(F) = a;_ U w+ U T{£) C F U T{£). 
Letting be the connected component of \ F containing T{£), we have that 
r(F) is disjoint from This implies that one of the two connected components 
of \ T{F) contains Qi, i.e. either fii C T{ni) or fti C T{n2) (see Figure [7|. 
But the latter case implies that r(J7i) is disjoint from Sli, contradicting the fact 
that r^i contains either F+ or F~. Thus the only possible case is J7i C T{Ui). It 
follows from this fact that T{il2) is disjoint from ili. Note that this also implies 
that T(r22) is disjoint from £, because £ C dfli and fl2 is open. Since T(r22) is 
disjoint from a;_ U as well, we conclude that T{fl2) is disjoint from fli U F, so 
that T{n2) C ^2. This proves (1). 

To prove (2) , recall that z in the previous argument was assumed to be any point 
in M?\ (cj- Ua;+). Since one of the sets F"*" or F~ is contained in fl2, and we showed 
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Figure 7. The sets fii, and F. 



that T{il2) C r22, we see that the only possibihty is r+ C ft2, and C fii. In 
particular, T'^{z) belongs to ^2 if ?i > "-2 and to f2i if n < ni. Fet ng be the 
smallest integer such that T'^"{z) ^ f^i. Since 2; e \ U uj+), we have that 
r"«(z) e n2U£. Since r(f}2 U ^) C f^a, we see that T"(z) € for any n > uq. 
The definition of no also implies that T"{z) € Qi for n < riQj completing the proof 
of (2). 

To prove (3), recall that we assumed that / has some fixed point zq. Moreover, 
since we are assuming that 7r(a;+) = 7r(a;(i^o)) is disjoint from 7r(w_) = 7r(a;(_i_o))i 
we have that either 7r(zo) ^ T^i^-) or 7r(zo) ^ Tr{uj^). Suppose that tt{zq) ^ 7r(ci;_) 
(the other case is analogous). Then zq + w ^ cl>_ for any w E 1? . Since a;(i.o) C 
H'^-^ , the definition of implies that the first coordinate of a point of uj^ is 

at least p2- In particular, if we choose w e such that the first coordinate of 
Zi = Zf)+w w, smaller than p2 we have that zi ^ w"*" U w~. Part (2) of the theorem 
implies that there is rig such that T"(zi) belongs to if n > ng and to ^ll if 
n < uq. Since T"(zi) is a fixed point of / for any n e Z, we conclude that there 
are fixed points in both Q2 and fli. 

To prove (4), note that since f{£) is disjoint from £ and both arc disjoint from 
UJ-UUJ+, we have that f{£) C R'^ \F. Thus, f{£) C n, for some i e {1,2}. 
Assume without loss of generality that f{£) C il2 (the same argument applies to 
f^^ otherwise). The facts that /(a;+ U cj_) = a;+ U aj_ and f{£) C 1^2 imply 
that f{F) is disjoint from fti, so that fii is contained in one of the two connected 
components oi'U.'^\f{F), i.e. either C /(f72) or f^i C /(f^i). But if f^i C 7(f^2), 
then /~^(r2i) C ^l2 and in particular /^^(f2i) is disjoint from This is not 
possible because, by (3), fii contains a fixed point of /. Thus ili C /(f^i), and it 
follows that f{^2) is disjoint from ili. Since /(f22) is also disjoint from uj^ U 
we see that /(ll2) C r22 U Since ^ C and /(ri2) is open, we also have that 
f{^2) is disjoint from £, so f{fl2) C 512 as claimed. 

Part (5) follows from the next claim: there is (5 > and fci < /c2 G Z such 
that T'^{Bs{x)) is contained in $72 if > ^2 and in Sli if n < fci. To see this, 
note that since uj+ U w_ is closed and does not contain x, there is (5 > such 
that Bs{x) is disjoint from a;+ U Since £ is bounded, there is rg > such 
that T'^{Bs{x)) is disjoint from £ if \n\ > rg. Thus T'^{Bs{x)) is disjoint from 
F for all n e Z with |rt| > rg. By part (2) (using z = x) there is rig such that 
T"(a;) lies in il2 if > rig and in fii if n < rtg. Choosing k2 = max{ro,no,0} 
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and fci — min{— To, no, 0}, we have that if rt > /c2 then r"(a;) e 172- Since n > rg, 
we also have T^{Bs{x)) C M."^ \ F, and since it intersects we conclude that 
T'^{Bs{x)) C ^2 for aU n> k2. similarly, for n < fci we have that T"-{Bs{x)) C fii, 
as claimed. 

Finally, assuming f{£) C fl2 (otherwise use /~^), we have from (4) that f{fl2) C 
f22- Since /(^) is disjoint from £, we may find a neighborhood W oi £ such that 
f{W) n W — 9, and since f{£) C ^^2 we may choose W small enough so that 
fiW) C ri2- In addition, since ^ C \ ^ /{il^), we may assume that W is disjoint 
from f(n2). This imphes that f^{W) n = for all fc e N, proving (6). □ 

4.6. When TT{ujy) intersects 7r(aj_,u). In this section we assume that tt{uJi,) 
7r(a;_t,) 7^0. In this case, there exist pi,p2 G Z such that (w^+piw)n(w_„+p2'y) 7^0. 

Proposition 4.11. Suppose {lOv +Piv) (a;_„ +P2v) 7^ for some pi,P2 G a'^c? 

F = {Ujy +piv) U (iLJ-t, +P2t')- 

Given z gM.'^\F, denote by 0{z) the connected component ofM.'^\F containing z. 
Then the following properties hold: 

(1) 0{z) is a topological disk and 0(z) H T^±{0{z)) = for any k E Z^,. 

(2) If ^ E ■^(oo)(^)' if>'^i^ for ^-almost every a; e such that x ^ t^{ijJv) H 
7r(aj_„), any x G 7r^"'"(a::) is f -recurrent. 

(3) For any X G T^\(7r(a;^)n7r(aj_i,)) i/iat is nonwandering for f , there is e > 
such that, ifxE tt^^{x), then Ut{x) = Ue{x, f ) is disjoint from T\{Ue{x)) 
for any k £ Z^, (recall the definition of from §^^. 



Proof. Again, we assume for simplicity that v = (1,0), so T„i — T: {x,y) i— > 
{x,y + 1). To prove (1), write O = 0{z). That O is a topological disk follows 
from the fact that the connected components of F are unbounded. Assume by 
contradiction that O n T"{0) 7^ for some integer n 0. We may assume that 
n > 0. Since F = T"-{F), the set T"(0) is also a connected component of \ F, 
and so T'^{0) — O. Let a be an arc in O joining a point x € O to T"{x), and 
let (3 = Ufegz -^'^ t'-'^] *- Then any connected component of \ /3 is bounded 
either to the left or to the right. Let Fq be a connected component of F containing 
a point in the intersection of Ljy + piv and uj-v + p2V. Then Fq contains some 
connected component of ujy + piv (which must be unbounded to the right) and 
some connected component of W-i, + P2V (which is unbounded to the left). Thus, 
Fq is unbounded both to the left and to the right, and since it is connected, we 
conclude that Fq (tR^\ /3. But this contradicts the fact that /3 C \ F. 

To prove (2), note that we may assume that v is not a multiple of an element 
of (by ch oosin g it appropriately), and observe that if x is chosen in the set Ey 
then there are sequences (mfe)/jgN and (rtfc)fceN such that f"''{x) 



4.4 



from Lemma 

T'^^{x) — (0, 0) and ruk/nk — >■ as /c — 00 for any x e 7r^^(x). Let us show that 
if a; ^ iT{ojy) n 7r(a;_^), then x may be chosen in ■k'^{x) fl (M^ \ F). Suppose that 
X € T^\7r(wt,) (the other case is analogous). Then, if is any element of 7r^^(x), we 
have that xq-\-w ^ iUy+piv for any w G Z^. We may choose w such that x :— xq + w 
belongs to the open half-plane \ {H~ +P2v). Since uj^y + P2V C +P2V, it 
follows that X ^ u)_y +P2V, and so x ^ F, as required. 
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Thus we assume that xeR'^\F. Fix 5 > such that Bs{x) C O := 0{x). Then 
there is fcg G N such that, for k > k^, 

PHx) e BsiT'^-ix)) c r™'=(0). 

In particular, there is a smallest integer n e N such that f^{0) intersects T"^{0) 
for some m e Z. Since T™{0) is also a connected component of \ and / 
permutes the connected components of \ F, it follows that f"{0) — T"^{0). 
Assume m ^ 0. By the minimality in the choice of n, if /" (O) intersects T™ (O) 
for some ?i' G N and m' G Z, then n' = In and m' = Im. Therefore, if fc > fcp, then 
"•fe = 'fc^i a-nd mfc = ^^.m. But then m/n = mk/uk — as fc — oo, and we conclude 
that m = 0, contradicting our assumption. Thus m = 0, and it follows that nik = 
for all k > kg. This means that {x) — x ^ (0, 0) as fc — > oo, proving that x is 
recurrent. 

Finally, to prove (3), choose x G \ (7r(w„) n Tr{uj^y)). As in the previous item, 
we can find x G Tr^^{x) \ F. By (1) we know that 0{x) is disjoint from T^{0{x)) 
for any fc G Z*. Note that the connected components of \ F are permuted by 
/, and since x is nonwandering we have that /"(0(iz:)) — 0{x) for some n G N, 
which we choose minimal with that property. Fix e > such that B^{x) d 0{x). 



Then it follows from the definitions in S2.4 that U^jx ) C 0{x), and so Ul^{x) is 
disjoint from T^{U'^{x)) for any fc G Z*. By Proposition 2.3 we conclude that U^{x) 
is disjoint from T^{U^{x)) for any k E Z^. Finally, since U^{x + w) = Uf {x) + w for 
any w G Z^, we conclude (3). □ 

4.7. A lemma on the support of irrotational ergodic measures. 

Lemma 4.12. Let ^ G AI^q q); ^'^^ let i; G Z^ &e such that lo^, ^ 0. Then one of 
the following holds: 



(1) Supp(^) C Tr{ujy), or 

(2) for ^-almost every x, any x G 'k~'^{x) is f -recurrent and belongs to some 
f -periodic open connected set U such that tt{U) is not fully essential. 



Proof. Assume that case (1) does not hold. Then \ 7r(w„) is an invariant set of 
positive /i- measure, so by the ergodicity it has measure 1. In particular, we may 
fix a set £^ C \ 7r(u;^) such that fJ,{E) — 1. We may in addition assume that E 
contains the full measure set Hy^^^^ Eyg, where Ey^ is the set from the statement 
of Lemma [4. 4| Note that in particular every a; G E' is /-recurrent. Fix x G E, and 



note that since x ^ n{ujy), we may choose (5 > so small that Bs{x) is disjoint from 
Tr{u}v). As TT{ujy) is an invariant set, this implies that 0{Bs{x)) = IJi^-oo Pi^^i^)) 
is disjoint from Let U be the connected component of 0{Bs{x)) containing x. 

Let us observe that U cannot be fully essential. Indeed, if U is fully essential, 
since it is open it follows that all connected components of 7r~^(T^\J7) are bounded, 
contradicting the fact that (by our assumptions) ujy is nonempty and contained in 
^-1^2 \^ jj^ (because uiy has only unbounded connected components). 

Since x is recurrent, there is a smallest n G N such that f^{U) intersects U. 
The fact that / permutes the connected components of 0{Bs{x)) implies that 
/"■((7) = U. Note that this means that if f\U)rMJ ^% for some i G Z then i = In 
for some I G Z. 

From the fact that U is not fully essential we have that U is either contained in 
a topological annulus or inessential. In particular, there exists Vq G Z^ such that 
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whenever it e is such that U + u intersects U, then u e Rvq (if U is inessential, 
we choose vq arbitrarily). Let x G Tr~^{x), and let U be the connected component 
of TT^^{U) that contains x. Then there is w G 7? such that f"'{U) — U + w. 

Note that we may assume that vq is not a multiple of any other element of 
by choosing it minimal in M.vq . Since we assumed that E contains the set Ey^ from 
Lemma |4.4[ in particular x G Ey^ so the conclusion of the lemma holds for x. This 
means that there are sequences of integers (nfe)fcgN and (TO/c)fcGN such that 

P''{x) -x - rukV^ {{),Q), Uk ^ oo, and mk/nk-^O 

as fc — oo, where we chose x to be the element of Tr~^{x) in U. In particular, if k 
is large enough, (U) n ?7 7^ 0, so that Uk = hn for some integer Ik- Moreover, if 
< e < S, there is fco G N such that k> ka implies that /^''"(i?) e Bf{x + mkVQ) C 
U + rukV^, so that intersects U + nikV^. The fact that P{U) = U + w 

implies that f^''"{U) = U + IkW, and so U + IkW intersects U + rnkV^ . This 
means that U intersects U + IkW — m^VQ, and since J7 is a connected component 
of TT^^{U), it follows that U = U + IkW — mkV^ . From our choice of vq follows that 
IkW — mkVQ = r^Vo for some G M. But then 

irk/nk)vo = {l/n)w - {mk/nk)vQ {l/n)w as k ^ 00, 

and we conclude that w = rvo for some r e M. But then (Z^r — rk)vo = mkVQ, and 
therefore = 0, whenever k> k^. The fact that mk — for large k in turn implies 
that f^^'^ix) e Bf{x) C U, showing that x is /-recurrent. Since /*'^"(?7) = U + IkW 
intersects [/, it must be equal to [/, so it follows that U is /-periodic. Thus case 
(2) holds. □ 



4.8. Proof of Theorem |4.9[ We assume that v is not a multiple of any other 
element of by choosing it minimal in Kw. Let E — Ey D Ey± where Ey is the 



set defined in Lemma 4.4 Thus E has full /i-measure and the thesis of Lemma 4.4 
holds both for vq — v and for vq — at points of E. Finally, let E'' be the set 
of all points x £ E such that some (hence any) x £ tt^^{x) has a bounded orbit in 
the V direction, i.e. such that sup„gpj \Pv{f"'{^))\ < 00. 

Claim 1. If X E E'' and x G tt^^{x), then x is /-recurrent. 



Proof. Since x E Ey^, by Lemma 4.4 (with vq = v^) there are sequences (n^) 



fceN 



and (mfc)fegN of integers such that — > 00, 

/"'' (x) — X — mk.v — > (0, 0) and nik/rik as fc — >• 00. 

Since f"''{x) is bounded in the v direction, rrik belongs to a finite set {m E Z : 
\m\ < M}. In particular, we may find m E Z and a sequence fc^ — 00 of integers 
such that rriki — ^'^^ i E N. This means that /"''^ (x) — x + mv^, i.e. x + mv^ 
is in the oj-limit set uj{x, /). The latter is a closed /-invariant set, so 

oj{x, f) + mv^ = u){x -f- mv^ , /) C w(a?, /). 

It follows that Lo{x^ /) -I- Imv^ C ijj{x, /) for any I E N. Thus, for any I E N, the 
point X -\- Imv-^ is accumulated by the orbit of a;. This is not possible if / is large 
enough and to 7^ 0, because the orbit of x is bounded in the direction. Thus 
TO = 0, and we conclude that x is recurrent, as required. □ 
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Suppose for contradiction that there is a positive measure set N of points such 
that any x G 7r^^(A^) is non-recurrent. We may assume that N C Supp(/x) n E 
since the latter set has fuh measure. Note that by the previous claim, N O = (d, 
so any x G Tr~^(N) has an unbounded orbit in the v direction. 

Claim 2. 7r(w^) n 7r(a;_„) = 

Proof. Suppose for contradiction that Tr{uJv) Ci 7r(w_i,) ^ 0. Then the hypotheses of 



Proposition 4.11 hold for some choice of pi,p2 G so by part (2) of said proposition 
we conclude that N C TriiUy) D 7r(a;_t,). 

Note that any z G such that 7r(aj„) n Tr{uj_y) has a bounded orbit in the 
V direction. In fact, if tt{z) e 7r(a;„), then z + w G cj^, for some w G Z^. From 
the definition of Uy, this implies that f"{z) + w C for all n £ 1, and so 
p„(/"(z)) > —py{w) for all n G Z. Similarly, if 7r(z) G 7r(w_„) we conclude that 
P-v{f"{z)) > ^P-v{w') for some w' G Z^, which means that py{f^{z)) < Pv{w') 
for all rt G Z. Thus, if 7r(z) G vr(w„) H 7r(a;_„), then z has a bounded orbit in the v 
direction, and therefore tt{z) G E^. 

Thus N C i?^, which contradicts the previous claim. □ 



Note that, by Proposition 4.8 both ujy and a;_„ are nonempty. Since N is 

is 



a positive measure set of non-recurrent points, only case (1) of Lemma 4.12 



possible, so that Supp(//) C n{(jJv)- By the same argument applied to —v instead of 
V we also have that Supp(/j,) C 7r(a;_i,). Choose x G iV, and let x G Tr~^{x). Since 
X is non-recurrent, it is in particular not fixed, so we may choose e > such that 
f{B^{x)) is disjoint from B^{x). Since x G n^ujy) D n{uj^y), we may choose integers 
Pi and p2 such that both ujy + piv and a;„ + P2V intersect B^{x). 

Let f be a straight line segment joining a point of B^ix) H {uj^ +piv) with a point 
of B^{x) n +P2''^)i not including its endpoints. The segment £ can be chosen in 
a way that it is disjoint from + piv) U (this can be done replacing 

£ by an appropriate connected component of £\ ((cj„ + piv) U (cj^y +p2i^))- Since 
C Be{x), we have that f{£) is disjoint from so the hypotheses of Proposition 



4.10 hold (observing that the fact that (0,0) is the rotation vector of some ergodic 



measure implies that / has a fixed point; see [Fra88| ) . 



Let F, rii and 1^2 be the sets from Proposition 4.10 and assume /(5I2) C ^2 
(the other case is analogous). Thus we have that 

(1) /(r!2)cr!2, T,^(r!2) cr!2, r\ni)(ini, and T;^\ni) c ni. 

In order to simplify notation, let T = Ty± . 

Claim 3. There is 6 > and no G N such that T"(Bs{x)) is contained in CI2 if 
n > uq and in fli if n Kuq. 



Proof. By part (2) of Proposition 4.10 there exists such that T"(x) lies in VL2 
if n > no and in ili if n < uq. Let S be such that T""^^ Bs{x)) C il2 and 
r"o-i(B5(J)) C rJi. Then the claim follows from □ 

Claim 4. For any given ro G Z there is r > r^ and fco ^ ^ such that / " {x) £ 

r{Bs{x)) 



Proof. Recall that we assumed that N d E — Ey (1 Ey± . Thus, Lemma 4.4 implies 



that there are sequences {nk)keN of positive integers and {mk)keN of integers such 
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that rifc — > oo, 

/"'' (x) — X ~ nikV^ (0, 0) and rrik/nk — t- as fc ^ oo. 

In particular, there is fco G N such that /"''(x) G T™->'{Bs{x)) when k > ko- Thus, 
if (mfc)fegN is unbounded above, then we are done. 

we 



Suppose that {mk)keN is bounded above. By part (5) of Proposition 4.10 



see that {mk)keN is also bounded below. Repeating what was done in the proof of 
Claim [l] we conclude that there is m e N such that x + Imv^ belongs to the w-limit 
set of X for any I G N. Again by part (5) of Proposition 4.10 we see that m > 0, 
and since x is not recurrent, we deduce that m 7^ 0. Therefore m > 0, and the 
claim easily follows. □ 

Claim 5. There is a neighborhood Wofx and fco G N such that f (W) is disjoint 
from T{W) for all k > kg. 

Proof By Claim [s) we know that T'">-'^{Bsix)) C Qi and T''°+^{Bs{x)) C ^2- 
In particular, T{Bs{x)) C T'^~'^" {fli) . By the previous claim, there is r > 3 and 
ko £ N such that 

f^°{x) e T''{Bs{x)) C T'''-(""+i)(T""+i(B5(J))) C T''-'^'>-\Vt2) C ^^-""(lla), 
where the latter inclusion follows from ([T]) and from the fact that r > 3. Thus, 
there is a neighborhood W C Bs{x) of x such that J^'^iW) C T^~"»(fi2)- Again 
by ^ we deduce that f'iW) C T^-no^f^^) for any fc > fco. Since 

T(W) C T{Bs{x)) C r2-"«(l]i) 

and the latter set is disjoint from r2-"o(f]2), we conclude that f'{W) n T{W) = 
for any k> k^. □ 

Due to the previous claim, if we start the proof again but choosing e so small 
that B^{x) C W (and so I' C W) we may assume the following: 

(2) f'{^)f^T{^)^%iik>kQ. 

Claim 6. There is z e Vti and ki > ko such that f^^iz) € T{Vl2)- 

Proof. Let z = r"°-i(J), so Bs{z) C f^i and T'^{Bs{z)) C ^2- By Claimli) there 
is fci e N and r > 3 such that f^'{x) e T''{Bs{x)). This means that 

f^'iz) e T-{Bs{z)) = r-^{T\Bs{z)) C T'-2(f]2) c T{n2), 

where we used ([T]) and the fact that r > 3 for the last inclusion. □ 

The last claim implies that / ^(fii) intersects T{Q2)- But f ^{Q2) also intersects 
T{il2) C \ Tjr ti): in deed, if zq is a fixed point of / in il2 (which exists by part 

(3) of Proposition 4.10 1 then T{zo) is a fixed point of / in T(02) C fl2 and so T{zo) 
belongs to f^^ {^2) r\T{n2). 

Thus T{Q2) is connected and intersects both f ^{Qi) and its complement, and 
we deduce that T(r22) intersects 9/^(rii). The latter is a subset of 

pi (^^) = /^^i (oj, U £ U = U (^) U 

and since T(f22) is disjoint from ujy U uj-v we see that / ^ {£) intersects r(f22). This 
also means that f^{i) intersects T{n2) for aU k > ki, because f{T{^2)) C T{ri2)- 
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Suppose that p'^ii) n (M^ \ r(fi2)) ^ 0- Then p'^ie) is a connected set inter- 
secting T(fl2) a-nd its complement, so it intersects the boundary of T{Q2), which is 
a subset of 

T{F) = T{uj^ \Jl\J a;_„) = a;^, U T{t) U uj-y. 

Since £ (and thus f '^{t) as well) is disjoint from ujy U uo-v, we see that / 
intersects T{£), contradicting the fact that fci > /cq- 

Thus p'^il) n (M2 \ T(rj2)) = 0, i-e. /^i(^) C T{n2). This implies that T(rJi) 
is disjoint from f^^{£), and being also disjoint from J^^{u)^ U w-i,) = U a;_„ we 
deduce that T{VLi) is disjoint from f^^{F). Therefore T{fli) is contained in one 
of the two connected components of _\ /^^(F), which are /^^(il2) and f^^{Qi). 



Since 7^ C T(f7i) n/^i (rJi) due to (Q), the only possibility is r(17i) C f^H^i)- 

The last fact implies that r'"(17i) C /"''i (f^i) for all m £ N. In particular, if 
is a fixed point of / in r^i, then T'"(z) = /-"'^i (r™(z)) e for all m G N. But 



part (2) of Proposition 4.10 implies that there is T'"(z) G if m. is large enough. 



This contradiction completes the proof of the theorem. 

5. Some results relying on equivariant Brouwer theory 

In this section we recall the results and definitions from |KT12b| and we use 
them to prove some properties of homeomorphisms with a nonwandering lift. The 
main concepts behind these results is the equivariant Brouwer theory developed by 
Le Calvez |LC05) and a recent result of Jaulent on maximal unlinked sets |Jaull| . 
We do not intend to explain how these results are used in this context; for that, 
the reader is directed to Section 3 of |KT12b| . 

5.1. Gradient-like Brouwer foliations for nonwandering lifts. Let S be an 

orientable surface (not necessarily compact), and n: S S is the universal covering 
of S. Let I = (/t)te[o,i] be an isotopy from /o = Ids to some homeomorphism 
/i = /, and X — (/t)tg[o,i] the hft of the isotopy I such that /o = Idg. Define 
/ = /i , so that / is a lift of / which commutes with every covering transformation. 

Suppose X C S* is a totally disconnected set of fixed points of /. We regard 
an oriented topological foliation of S* \ X as a foliation with singularities of S. 
Suppose that every point of X is fixed by the isotopy I (i.e. ft{x) — x for all 
t S [0, 1] and X € X). We say that an arc 7 : [0, 1] — >■ 5' \ X is positively transverse 
to if 7 crosses the leaves of the foliation locally from left to right. We say that the 
isotopy I is transverse to F if for each x £ S, the arc {Jt{x))x£[o,i\ is homotopic, 
with fixed endpoints in S* \ X, to an arc that is positively transverse to F . In this 
case, it is also said that F is dynamically transverse to I. If X = 7r~^(X), then the 
isotopy I fixes X pointwise. If F is dynamically transverse to I, then the lifted 
foliation F (with singularities in X) of S is also dynamically transverse to I. 

Until the end of this section, we fix a homeomorphism / : — >■ isotopic to the 
identity, and a lift /: — > M^. The main existence result that we will use, which 
IS a consequence of |LC05| and [Jaullj . is stated as Proposition 3.10 in |KT12b| 
(we include some of the preceding comments in the statement here) 

Proposition 5.1. // Fix(/) is totally disconnected, then there exists a compact 
set X C 7r(Fix(/)), an oriented foliation F ofT"^ with singularities in X, and an 
isotopy I — (/t)tg[o,i] from the identity to f such that 
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• X lifts to an isotopy X ~ (/t)te[o.i] ffom IdR2 to f, 

• X fixes X pointwise, and X fixes X — 7r^^(X) pointwise, 

• J- is dynamically transverse to X and the lifted foliation T on with 
singularities in X is dynamically transverse to X. 

Remark 5.2. Any oriented foliation with singularities such as J- and J- is the orbit 
space of a continuous flow Whi33l IWhi41j . 



Let J' be the foliation from Proposition 5.1 For a loop 7 in T^, we denote by 7* 
its homology class in Hi{T'^,Z) ~ 7?. Fix 2 e \ X, and consider the set C{z) of 
all homology classes k G H^{T'^,Z) such that there is a positively transverse loop 
7 with 7* = K. Identifying H^{T'^,Z) with naturally and choosing z e Tr~'^{z), 
we see that C{z) coincides with the set of all v £ 1? such that there is an arc in 
positively transverse to the lifted foliation T joining z to 'z + v. Note that C{z) is 
closed under addition: if v,w G C{z) then v + w £ C{z). By part (4) of Proposition 
3.6 of jKT12b| . any pair of points lying in a connected subset of the nonwandering 
set of / can be joined by a positively transverse arc. This implies that C{z) = 1? for 
all z G \X. Thus, putting together Proposition 3.11 and Lemma 3.8 of |KT12b| 
we have the following result. 



Proposition 5.3. Under the hypotheses of Proposition \571\ if the nonwandering 
set of f is M^, then J- is a gradient-like foliation, i.e. the following properties hold: 

(1) every regular leaf of T is a connection, and so is every regular leaf of J-, 

(2) T and T have no generalized cycles, and 

(3) there is a constant M such that diam(r) < M for each regular leafT of J-. 

Let us recall that a regular leaf of J- is any clement of T that is not a singularity. 
A leaf F of is a connection if both its w-limit and its a-limit are one-element 
subsets of Sing(J^). By a generalized cycle of connections of J- we mean a loop 7 
such that [7] \ Sing( J") is a disjoint union of regular leaves of that are traversed 
positively by 7. 

5.2. Boundedness of periodic free disks. A version of the next result was 
proved in [KT12bj under the assumption that there is a gradient-like Brouwer 
foliation. 

Theorem 5.4. Let /: R-^ ^ be a lift of a homeomorphism /: isotopic 
to the identity, and suppose that f is nonwandering and 7r(Fix(/)) is inessential. 
Then every periodic open topological disk in that is disjoint from its image by f 
is bounded. 



Before proving |5.4| let us state the consequence that will be useful in our setting. 
Recall the notation introduced in 92.41 



Corollary 5.5. Under the hypotheses of Theorem 5.4' if Uc{z) = Ue{z,f) is un- 
bounded for some z G and e > 0, then f{U^{z)) = U^{z). 

Proof of Theorem\5.4\ In the case that Fix(/) is totally disconnected, this is a di- 



rect consequence of Propositions 5.1 and |5.3[ together with Corollary 4.7 of |KT12b| . 
We will show how to reduce the case that Fix(/) is not totally disconnected to this 
case. 
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First recall that a compact set K is filled if \ if has no inessential connected 
components (i.e. K = Fill(if)). If K is inessential, this is the same as saying that 



\ if is connected. Under the hypotheses of Theorem 5.4 we know that the set 
Kq — 7r(Fix(/)) is inessential, so it's filling K = Fill(i<ro) is a compact filled set. 
Thus, we may apply the following |KT12b[ Proposition 1.6]: 

Proposition 5.6. Let if C he a compact inessential filled set, and f : — > 
a homeomorphism such that f{K) = K. Then there is a continuous surjection 
/i : — > and a homeomorphism /' : — > such that 

• h is homotopic to the identity; 

• hf = f'h; 

• K' = h{K) is totally disconnected; 



h\j2\x : \ if — >■ \ if' is a homeomorphism. 



The fact that if C Fix(/) implies that if' C Fix(/'). Moreover, if h and /' are 
lifts of h and / to M^, then hf = f'h and h\]g2\j^-i(^i(-^ is a homeomorphism onto 

7r~^(if'). Assume for contradiction that there is some unbounded /-periodic free 
topological disk U C K^. It is easy to see from the definition that 97r~^(if ) consists 
of fixed points of /. Moreover, since if is compact and inessential. Proposition 2.1 



implies that every connected component of 7r^^(if) is bounded. Since U is disjoint 
from Fix(/) and unbounded, we deduce that U is disjoint from 7r~^(if). This 
implies that h is injective on U, and so U' = h{U) is an /'-periodic and /'-free 
topological disk. Furthermore, since h is homotopic to the identity, there is M' 
such that \\h{z) — z\\ < M' for all z G M^, and therefore U' = h{U) is unbounded as 
well. Finally, since the nonwandering set of /|R2\7r~i(A:) is R'^\tt~^{K), we have that 
the nonwandering set of f'\R2\j^-i(^x') is \ 7i'~^(if'), and the latter set is dense 
in because 7r^^(if') is totally disconnected (since if' is totally disconnected). 
Since the nonwandering set is closed, it follows that /' is nonwandering. 

Therefore /' is nonwandering, it has a totally disconnected set of fixed points, and 
it has a periodic unbounded free topological disk U' . But we already explained at 
the beginning of the proof that this is not possible, hence we obtain a contradiction. 

□ 

5.3. Engulfing and (/, J^)-arcs. In this section we assum e that / and its corre- 



sponding lift / satisfies the hypotheses of Proposition 5.3 (i.e. / is nonwandering 
and there is a gradient- like Brouwer foliation). 

Let us state an immediate consequence of |KT12b| Propositions 4.6 and 4.8]: 

Proposition 5.7 (Engulfing). If U is an unbounded f -invariant open topological 
disk, then every leaf of J- that intersects U has one endpoint in U. 

We will need the following improvement. 

Proposition 5.8. Given a nonempty compact set i? C M^, there is a finite set 
P <Z X such that any unbounded open f -invariant topological disk intersecting R 
also intersects P. 

To prove the previous proposition, we need a definition: let us say that a compact 
arc 7 in is a {J-, /)-arc if [7] is contained the union of finitely many /-iterates 
of leaves of !F and elements of X (the orientation of these arcs is irrelevant). 
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Proposition 5.9. Any two points ofM.'^\X can be joined by an {J^, f)-arc. 



Proof. Define a relation on \ X by z ~ z' if there is an {T, /)-arc joining z to 
z' . Clearly ~ is an equivalence relation. Since \ X is connected, to prove that 
there is a unique equivalence class it suffices to show that the equivalence classes 
are open. Denote by ^{zq) the equivalence class of zo G \ X. 

Given z G W(zo)j let Tz be the leaf of containing z. Note that must join 
some point go € -'^ to a different point gi S X. The isotopy 2 = (/t)tg [0,1] extends 
to the one-point compactification U {00} by fixing 00 (we still denote it I), and 
we may regard as as a foliation of U {00} with singularities in X U {00}, which 
is still dynamically transverse to X. Let n: A A he the universal covering of 
the topological annulus A = M."^ U {00} \ {go, gi}. The restriction of the isotopy I 
to A lifts to an isotopy I = (/t)te[o.i] from the identity to T from /o = Id^ to 
some lift / := /i of /|^. We also have a lifted foliation T oi A with singularities in 
X = Tr~^{X U {00} \ {go, gi}), a set which is fixed pointwise by X. The foliation T 
is also dynamically transverse to X. 

Consider z e 7r^^(z) and let be the leaf of containing z (which is a lift of 
Tz). Since F^ joins go to gi, it follows that F^ is a properly embedded line, so it 
separates A ~ M'^ into exactly two connected components. Furthermore, the fact 
that J- is dynamically transverse implies that F^ is a Brouwer line for / in the 
traditional sense, i.e. /(F^) and /^^(F^) lie in different connected components of 
A \ Tz- Let H~ be the connected component of A \ F^ containing /^^(F^) and 
the remaining component (which contains /(F^)). Then cl(/(iJ+)) C H'^ and 
clif^HH^)) C H-. The set V = f{H-) n r^{H+) is an open neighborhood 
of F^ and f'^{V) C f{H+) which is disjoint from f{H^) (hence from V). Thus 
p{y) n y = 0, and V contains no fixed points of /. 

Let V ~ Tr(y), which is a neighborhood of z. We will show that V C yV(2o)- 
Fix y gV and let Fj, be the leaf of containing y. Let y G V {y) , and let Ty 
be the leaf of IF containing y (so Vy projects to Fj^). 

Since T is gradient-like we know that Ty connects two different elements po 
and pi of X. Suppose first that Pi ^ {goj^i} for some i S {0,1}. Then there 
is Pi e T^~^{Pi) such that Ty has one endpoint (i.e. its w-limit or a-limit) in pi. 
But since V contains no fixed points of /, and Pi is fixed, it follows that Pi ^ V . 
Since y € Fj,, we conclude that Fj^ intersects dV. This means that F^ intersects 
f~^(Tz) U f(Tz), and so Fj^ intersects /"^(F^) U /(F^). But for each i G Z, the 
arc piTz) is an (/, J^)-arc joining go to gi, and one of them (namely F^) contains 
a point of yV(zo)- By concatenation, it follows that /'(F^) C 'W{zq) for all i E Z. 
Since wc showed that Fj, intersects /'(F(zo)) for some i G {—1, 1}, we conclude 
again by concatenation that y € W(zo), as we wanted to show. See Figure [sj 

It remains to consider the case where {po,pi} ~ {go, gi}- But in this case, TzUTy 
contains an (/, J-')-arc joining z e W(zo) to y, and so by concatenation y £ yV(zo) 
again. This shows that V C >V(zo), proving that yV(zo) is open and concluding the 
proof. □ 
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Figure 8. Proof of Proposition |5. 9 



Proof of Proposition's^ Choose X{j ^ X and an (/, J^)-arc 70 joining xq to xq + 
(1,0). Let 71 be another (/, J^)-arc joining xq to + (0,1). If G N is chosen 
large enough and 

N-l 

C= U ([7o] + (n,-A^))U([7i] + (-iV,n))U([7o] + (n,A^))U([7i] + (^,n)), 

n=-N 

the connected component Q of \ C which contains Xq is bounded and contains an 
arbitrarily large square centered at xq (see Figure |9]). In particular, if N is chosen 
large enough we have that R C Q. 



xo + {N, -N) 



xo-{N,N) 




xo + i-N, N) 



Figure 9. Proof of Propoisition 5. 



Moreover, 9 Q is an (/, J^)-arc, so there are finitely many leaves Fi, . . . ,r,„ of 
such that 9 Q is contained in the union of a finite set of iterates of these leaves 
together with some elements of X. Recall that each F^ joins two different points 
of X. Let P C X he the (finite) set consisting of all endpoints of the arcs F.^, with 
ie{l,...,m}. 

Suppose that U C is an open /-invariant topological disk intersecting R. 
Since R C Q and Q is bounded, it follows that U intersects both Q and \(5, and 
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therefore U intersects dQ. Since U is invariant and X is totally disconnected, this 
means that U intersects some iterate of r, for some i G {1, . . . , m}, and the fact 
that U is invariant implies that U intersects F^. From Proposition |5.7| we conclude 
that one of the endpoints of F^ lies in U, hence J7 n P ^ 0. □ 

6. Proof of Theorem [5] 

Throughout this section, we will assume that / : — is an irrotational 
homeomorphism preserving a Borel probability measure /i of full support, and 
f : its irrotational lift. Recall that, by Theorem [f} this implies that 

/ is nonwandering. 

We will assume that none of cases (i), (ii) or (iii) from Theorem [A| holds, and 
we will seek a contradiction. Thus we assume from now on that / is not annular, 
Fix(/) is not fully essential and there exists some point xq G with an unbounded 
/ orbit. We let xq = tt{xo). 

Note that in the case that Fix(/) is neither fully essential nor inessential, then 
Proposition |2.2| implies that / is annular, contradicting our assumption. Hence 
Fix(/) is in fact inessential. 

Let us list the properties that we have so far thanks to our assumptions: 

• / is non- annular; 

• Fix(/) is inessential; 

• the orbit O{xo) := {/"(xo) : n E Z} is unbounded; 

• the nonwandering set of / is (due to Theorem [f]) ; 

As in |5.2[ we may use Proposition |5.6| to find a map which satisfies, in addition to 
all the previous facts, 

• Fix(/) is totally disconnected. 

Since O(xo) is unbounded, we have that doo 0{xq) is nonempty. Choose any 
w G doo 0{xq), which will remain fixed until the end of the proof. The following 
claim should be obvious: 

Claim 1. For any w G such that w is not perpendicular to w, the orbit ofxo is 
unbounded in the direction ofw, i.e. 

sup \pw{r{xn))\ = oo. 
Claim 2. /" is non- annular for any n G N. 



Proof. This follows from Proposition 2.2 noting that / has a fixed point (since it 



is irrotational). □ 

Fix any u G Z^, and recall the definition of the sets uj.^ and cj_y from ^4.3 
Claim 3. and u^y are nonempty. 

Proof. It follows directly from Proposition |4.8[ □ 
Claim 4. xq G ttIlOv) H 7r(a;_t,) 



Proof. We show that xq G 7r(a;^); the other part is analogous. Suppose for con- 
tradiction that Xq ^ 7r(wi,), and fix e > such that B^{xo) is disjoint from tt{lOv). 
Since the latter set is invariant, it follows that U'^{xo, /) is also disjoint from 7r(w^), 
where we use the notation from 92.41 
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We claim that U'^{xo, f) is essential. Suppose on the contrary that it is inessen- 
tial. Then U — FiI\{U'^{xq, f)) is a topological disk which is either invariant or 
periodic and disjoint from its image. Choose U as the connected component of 
TT~^{U) containing xq. Since / is nonwandering and the components of tt~^{U) 
are permuted, it follows that U is either invariant or periodic and disjoint from its 
image. Since xq e U, it follows that U is unbounded. But in the case that U is 



invariant, this contradicts Theorem 2.4 (as / is non-annular and Fix(/) is inessen- 
tial), and in the case that U is periodic and disjoint from its image it contradicts 
Corollary |5.5| 



Thus U'^{xo, J) is essential, and since it is a periodic open set and /" is not an- 



nular for any n. Proposition 2.2 implies that U'^{xq, /) is in fact fully essential. But 
then Proposition 2.1 says that all the connected components of \ tt^^{U'^{xo, /)) 
are bounded. Since ujy is contained in the latter set, and all the connected compo- 
nents of LOy are unbounded, we have a contradiction, proving the claim. □ 

Claim 5. n{ujy) n 7r(a;_„) ^ 

Proof. Suppose this the contrary. Since xq is not fixed, there is e > such that 
B^(xo) is disjoint from f{B^(xo))- Since xq = 7r(Jo) belongs to 7r(a;„) n 7r(a;_^), 
there are integers pi, p2 such that ujy + Piv and a;_^ + P2V both intersect B^(xq). 
Let £ he a, straight line segment (without its endpoints) contained in Bi:{xo) joining 
a point of ujy +piv to a point of uj-y +P2V. We may assume that £ is disjoint from 
ujy +Piv and u!-y +P2V1 by replacing it by an appropriate connected component of 
£\{L0y+piv)U((£-y+P2v)- Since f{£) is disjoint from £, we are under the hypotheses 



of Proposition 4.10 (note that / has a fixed point for being the irrotational lift of 
/). But part (6) of said proposition implies that / has a wandering open set. This 
is a contradiction, since / is nonwandering under our current assumptions. □ 

Claim 6. If v is not perpendicular to w, then xq ^ 7r(a;„) H 7r(a;_t,) 

Proof. If Xq e Tr{ujy) n 7r(aj_i,), then there exist vi and V2 G such that xq G 
{ujy + vi) n (uj^y + V2). By the definition of ujy and uj^y this implies that the orbit 
of Xq is bounded in the direction of v, i.e. that py{0{x())) is a bounded set. This 
contradicts Claim [T] □ 



For each rt G N, let 0„ = C/i/„(a;o,/) (using the notation from ^2.4). Note that 
0,1+1 C On for all n G N. 

Claim 7. Ifw G is not parallel to w, then there is n such that 0„nru,(0„) — 0. 
Proof. Let v — w^, so that v is not perpendicular to w. By Claim [s] we know that 



7r(a;,;)n7r(a;_i,) 7^ 0, so the hypotheses of Proposition 4.11 hold. The previous claim 
implies that xq ^ n{ujy) D 7r(a;_i,), so if e is the number from part (3) of Proposition 
4.11[ our claim follows choosing n > 1/e. □ 



Claim 8. For any n G N, the set On is f -invariant, unbounded, and w G doo On 



Proof. Since / is nonwandering, the definition of Ue (see ^2.4 1 implies that 0„ is /- 
periodic, and if its least period is not 1 then it is disjoint from its image. Moreover, 
the fact that the orbit of Xq is unbounded implies that 0„ is unbounded. Suppose 
for a contradiction that 0„ is not invariant. Then 0„ is a periodic unbounded open 
topological disk disjoint from its image, contradicting Corollary |5.5| Thus 0„ is 



invariant, and the remaining claim is obvious from our choice of w. □ 
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Claim 9. 7r(0„) is essential for each n G N. 

Proof. If 7r(0„) were inessential, it would be an /-invariant open topological disk 
which has an unbounded lift, contradicting Theorem |2.4[ □ 



Note that, if O; = U[/Jxo, /), then by definition 0„ Fill(0;). Thus Claimj?] 
implies that (0,Jj)„gN is an eventually \ (Zw)-frec chain of open connected sets. 
Claim |8] implies that each O^^ is invariant (note that, as remarked in S2.4 O^^ is 
invariant if and only if 0„ is invariant), and Claim [9] implies that 0'„ is essential 



for each n g N (due to Proposition 2.3 1. Thus all the hypotheses of Proposition 3.3 



hold, so we conclude that there exist M > and w E such that 

\Pwir{z) - z)\ < M for all z e E^ n e Z. 

Moreover, since with our assumptions / is not annular, Mw is a line of irrational 
slope, 

fl 0lc5:=p^i((-M,M)), 

and E separates the two boundary components of the strip. This means that 
Pj^±{E) = R. Note that, since 0„ — Fill(OJJ, which is the union of O'^ with the 
bounded components of its complement, this easily implies a similar property for 
the chain {On)neN] namely, 

K=f]OnCS 

riGN 

and since E d K, also K separates the two boundary components of the strip S 
and p^± (K) = R. 

Since / is nonwandering, and by our assumption Fix(/) is totally disconnected. 



if is the foliation with singularities in a set X C Fix(/) given by Proposition 5.1 
and !F, X are the corresponding lifts, then the hypotheses of Proposition 5.3 hold, 
so the foliations are gradient-like. 

Let S" =p-i(-M- 1,M + 1) and R = 5'np^l(-M- l,A'f + 1). \ivE%l is 
such that |pu,(w)| < 1, then Pw{K + w) C 5', and since {K + v) = p^± (K) = M, 
it follows that K + v intersects R. 



Let P C X he the finite set given by Proposition 5.8 so that any unbounded 
/-invariant open topological disk U intersecting R necessarily contains an element 
of P. Let m be the number of elements of P, and choose u G such that Pw{v) < 
l/(m + 1). Note that xq G K, so the orbit of xa is bounded in the w direction. 
Since the orbit of Xq is unbounded in the direction of w (by our choice of w at the 
beginning of the proof), it follows that w = w'^. In particular, w has irrational 
slope, so u G Zj is not parallel to w. 

From our previous observations, when 1 < j < rn + 1, the fact that Pw{jv) < 
j/{m -I- 1) < 1 implies that Pw{K + jv) intersects R. Thus (0„ + jv) n i? 7^ for 
all n G N. Since v is not parallel to w, if we fix n large enough we may assume 
(by Claim [7| that 0„ is disjoint from 0„ + jv for any j G {1,2,...,™+ 1}. This 
implies that the sets {0„ + jv : 1 < j < m + 1} are pairwise disjoint. On the other 
hand, since 0„ +jv intersects the open set R, so does 0„ + jy , and since 0„ +jv is 



unbounded and /-invariant we conclude from Proposition 5.8 that On+jv contains 
an element of P, for each j G {1, 2, . . . , m -I- 1}. Since P has m elements, it follows 
that there exist two different elements of {0„ + jv : 1 < j < m + 1} containing the 
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same point of p, contradicting their disjointness. This contradiction shows that v 
cannot have irrational slope, concluding the proof of Theorem [K\ 

7. Proof of Proposition [Cl 

Suppose that / and / satisfy the hypotheses of Theorem |a] and case (i) holds, 
so that Fix(/) is fully essential. In particular, there is a connected component Kq 
of Fix(/) which is fully essential. Assume that Kq is locally connected. To prove 
Proposition [C| we need to show that one of cases (ii) or (iii) holds. We will in fact 
show that, under these assumptions, case (iii) always holds, i.e. / is annular. 

Since is compact and locally connected, Kq = Tr~^{KQ) is closed and locally 
connected, and since Kq is fully essential one has Kq = Kq + v for any v G 7?. 
The relation defined on Kq hy z z' if there is a compact connected subset of Kq 
containing both z and z' is an equivalence relation. Let E{z) be the equivalence 
class of z, which coincides with the union of all compact connected subsets of Kq 
containing z. The local connectedness of Kq implies that each E(z) is open in Kq 
(and since {E{z) : z G Kq} is a partition, E(z) is both open and closed in Kq). 

Note also that {tt{E{z)) : z S Kq} is a partition of Kq, since E{z + v) = E{z) +v 
for each z S Kq and v S Z^. Since tt is a local homeomorphism, the set tt{E{z)) 
is open in Kq for each z £ Kq, and again since these sets partition Kq it follows 
that tt{E{z)) is both open and closed in Kq. Since Kq is connected and 7t{E{z)) is 
nonempty, it follows that tt{E{z)) = Kq for each z € Kq. 

Fix z S Kq. We claim that there is w g such that E{z) intersects E{z) + 
V. Indeed, if this is not the case then tt\e(z) is an injective map from E{z) to 
'!t{E(z)) — Kq, and being continuous and open it is a homeomorphism onto its 
image. Therefore E{z) is homcomorphic to Kq, and in particular E{z) is compact. 
But since E{z) is compact and disjoint from E{z) + v for all w G Z^, one may find 
an open neighborhood U of E{z) such that U is disjoint from U + v ior all w G Z^. 
This means that 7r([/) is an open inessential set, and therefore tt{E(z)) — Kq is 
inessential, a contradiction. 

This shows that there exists u G Z^ such that E{z) intersects E{z) + v, and so 
there is a compact set C C containing z and z + v. Letting Q = Unez C + nv we 
obtain a closed connected set such that 9 = Q+v, and the half-planes {z : Py± (z) > 
M and {z : py±{z) < —M} lie in different connected components of \ 8. Since 
7r(0) C Kq C Fix(/) and / is irrotational, it follows easily that 6 C Fix(/). In 
particular, if V is the connected component of \ containing {z : py± (z) < M}, 
then V is invariant and 

{z ■.py± (z) < -M } CV^ C{z: py± (z) < M} 

This easily implies that / is annular (see for instance Proposition 1.5 of |KT12b) ). 
Thus, case (iii) holds, as we wanted to show. □ 
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